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Chapter 1

Introduction

1.1 Motivation and overview of the thesis

The dc Superconducting Quantum Interference Device (dc-SQUID) is one of the most
sensitive magnetic field sensors available [1–3]. Since its first discovery in 1964 by Jaklevic
et al. [4], SQUID magnetometers were employed in many applications. They can be used
to measure biomagnetic signals originating from the activity of the heart or the brain [5–
7], for the non-destructive testing of aircraft wheels [8] or archaeological research [9].
SQUIDs are utilized to investigate magnetic properties of materials [10], also including
spatial information on the sample of interest [11]. Furthermore, SQUIDs can be used to
measure nuclear magnetic resonance [12] as well as for sensitive thermometry [13–15].

By means of a coupling coil, the SQUID can be transformed into an amplifier for electrical
currents. The properties of this SQUID amplifier are even more promising, see for example
reference [16] or chapter 8 in reference [3]. The minimum sensitivity that can be reached
in a measurement is predicted to be quantum limited [16–18] and some experiments on
dc-SQUIDs or related devices approach this limit [19, 20]. Possible applications of SQUID
amplifiers are for example voltmeters [21], metrology [22, 23], the readout of cryogenic
particle detectors [24, 25] or the detection of gravitational waves [26–29].

The developed sensors presented in chapter 5 are intended for the utilization in the first
spherical resonant mass gravitational wave antenna MiniGRAIL [28–33]. Here, a 1.4 ton
heavy sphere is cooled to temperatures below 1 K. A passing gravitational wave will slightly
change the dimensions of the sphere. Using a capacitive transducer, this vibration is read out
by a SQUID amplifier. To feasibly detect gravitational waves, displacements of the order of
10−21 m have to be measured. Therefore, minimum noise SQUIDs are required.

This thesis covers topics related to the design and operation of minimum noise SQUID ampli-
fiers. In this introduction chapter, we will give an overview of the basics of superconducting
electronics, the theory of dc-SQUID sensors and some general related aspects.

In chapter 2, we investigate requirements and optimization criteria for practical SQUID
amplifier based systems with different connected input circuits. In our analysis, we include
the flux-locked loop operation, that is often used in practice. We discuss typical effects that
occur in measurements and that can be used for characterizing the SQUID as well as its
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Chapter 1. Introduction

readout system. The investigated influence of the properties of the SQUID are used to define
optimization criteria for a low noise readout of basic input circuits.

In chapter 3, we numerically investigate the optimized design and operation dc-SQUIDs
with respect to the results obtained in chapter 2. Based on a circuit simulator, we developed
a feasible system for numerically characterizing SQUIDs. This is used to investigate the
properties of typical SQUIDs over a variety of parameters. Compared to other published
work on standard dc-SQUIDs, we give a very broad overview, especially on aspects related to
the interaction of the SQUID with a coupled input circuit. In the second part of chapter 3 we
investigate the properties of SQUIDs with an integrated coil. We numerically investigate the
behavior of a simplified model of such SQUIDs. The results are used to give some guidelines
for the operation and design of such sensors [15, 34]. In the final part of chapter 3 we present
a numerical experiment of a standard SQUID strongly coupled to a capacitive input circuit.
This appears to have many parallels to the SQUID with a long integrated coil, the results are
used to verify the assumptions underlying the analysis of chapter 2.

The sensitivity of SQUIDs can be further improved by cooling. In chapter 4, we investi-
gate a limit one typically faces here—the hot-electron effect. We present measurements on its
influence in PdAu thin-film resistors. The same type of resistor was employed in our SQUID
designs. We show experiments on the influence of this hot-electron effect and compare
them to existing theories. Furthermore, we experimentally and numerically investigate the
suppression of the hot-electron effect by means of passive cooling.

The final chapter 5 shows measurements on our developed SQUIDs for an optimized
readout of MiniGRAIL [34–36]. We describe the design, modeling and experiments of the
developed sensors. Here, many aspects of the preceding parts of the thesis are applied and
evaluated. From the comparison of experimental and numerical results, we conclude that the
performance of SQUIDs with an integrated coil is more controllable and predictable than is
usually assumed.

1.2 Basics of superconducting electronics

1.2.1 Superconductivity
Superconductivity was first discovered by Kamerlingh Onnes in 1911. To his surprise, the
electrical resistance of mercury vanished after cooling it in a bath of liquid He. This effect
was later found for a variety of pure metals, alloys and ceramics with different critical
temperatures TC. Below these temperatures the superconducting state is reached. In this
thesis we concentrate on low-TC superconducting electronics. The SQUIDs that will be
presented in chapter 5 are based on Nb and are operated at temperatures of 4.2 K and below.

The theory of superconductivity can be found in textbooks on the subject [37]. At
this point we will only name the most important effects. The general properties of low-TC

superconductors were explained in 1957 by Bardeen, Cooper and Schrieffer in the BCS
theory [38]. In the superconducting state, pairs of electrons form so-called Cooper pairs
caused by a strong interaction of the electrons with phonons, which represent vibrations of
the lattice. The resistance vanishes because of this strong interaction between the carriers of
the electrical current and the lattice.

Cooper pairs are Boson particles, which means that the condensate of all Cooper pairs
in a superconductor can be represented by a single quantum mechanical wave function
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1.2. Basics of superconducting electronics

Ψ̄(r)=
∣∣Ψ̄(r)

∣∣ e jφ(r). The bar ¯ above variables indicates complex quantities. The square
of the absolute value of this wave function

∣∣Ψ̄(r)
∣∣2 is proportional to the density of Cooper

pairs at one particular point r in the superconductor.
In 1933 Meissner and Ochsenfeld found another unique property of superconducting

materials. If the superconductor is put into a magnetic field, currents start to flow which expel
the field from the inner part of the superconductor. Connected to this effect, all currents sent
through a superconductor of sufficient thickness are also expelled to a finite outer layer of
the conductor. This Meissner-Ochsenfeld effect is related to the phase φ(r) of the quantum
mechanical wave function via the flux quantization.

1.2.2 Flux quantization

The argument of the quantum mechanical wave function e jφ(r) is single-valued at any point
in the superconductor. Accordingly, a closed line integral over the phase gradient in the
superconductor

∮
∇φ(r)dr can only take values of 2π n, n being an integer.

2πn =
∮

∇φ(r)dr (1.1)

The gradient of the phase of the wave function in a superconductor ∇φ(r) is expressed
by the sum of two terms, one proportional to the current density of the Cooper pairs and
one proportional to the magnetic vector potential AP. In the inner parts of a thick enough
superconductor, no current is running. Therefore, the phase gradient ∇φ(r) can be ex-
pressed as ∇φ(r) = 2eAP(r)/h [39]. Here, e = 1.60·10−19 C is the elementary charge,
h = 6.63·10−34 Js is Planck’s constant. Integrating the phase gradient over the inner parts of
a closed superconducting ring and using Stoke’s theorem leads to:

2π n =
∮

∇φ(r)dr = 2π
2e
h

∮
AP(r)dr = 2π

2e
h

∫∫
B dA = 2π

2e
h

ΦT (1.2)

Here, B is the magnetic flux density in a surface A bounded by the integration path. The
total magnetic flux through the ring ΦT can now be expressed as an external flux ΦE and a
self-generated flux LI originating from the current I in the ring and its inductance L. The
flux quantization condition reads:

n
h

2e
= nΦ0 =

Φ0

2π

∮
∇φ(r)dr = ΦE +LI = ΦT (1.3)

The total flux ΦT through a closed superconducting loop can therefore only take integer
values of the magnetic flux quantum Φ0 = 2.07·10−15 Wb. This flux quantization condition
was formally derived by London on a phenomenological basis in 1950, before the publication
of the BCS theory. In his theory, he introduced the London penetration depth λL [37,
39, 40]. This parameter determines how far currents and magnetic fields can penetrate a
superconductor.

The Meissner-Ochsenfeld effect is in fact originating in the flux quantization. If the
external flux through a closed superconducting ring with n enclosed flux quanta is changed
by dΦE , Eqn. (1.3) is maintained by a compensating current I =−dΦE/L in the ring.

For calculations on the behavior of superconducting electronics, the phase change ϕL over
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Chapter 1. Introduction

an inductance L is needed. According to Eqn. (1.3), this quantity can be expressed as:

ϕL =
2π

Φ0
ΦT =

2π

Φ0
ΦE +

2π

Φ0
LI (1.4)

1.2.3 Josephson effect

INRI0C

V
I

IJ

Figure 1.1: The RCSJ model of a
Josephson junction.

In 1962, Brian Josephson predicted that a supercurrent
can tunnel through a thin isolating barrier between two
superconductors. This Josephson effect is based on
the diffusion of the wavefunction of the Cooper pairs
from the two superconducting electrodes into the isola-
tor, where they can interact [41]. The behavior of the
theoretical Josephson junction is described by the two
Josephson equations [41]:

IJ = I0 sin(ϕ) (1.5)

V =
Φ0

2π

dϕ

dt
(1.6)

Here, IJ is the current through the ideal Josephson junction, ϕ is the phase difference
between the phases of the wavefunction φ of the two adjacent superconductors, V is the
voltage across the Josephson junction and t is the time. I0 is the critical current of the
Josephson junction, which is a function of the geometry, materials, the temperature and the
magnetic field [39, 40, 42]. The Josephson junction is in schematics typically symbolized by
a cross as shown in Fig. 1.1.

Suppose that the phase difference across a Josephson junction performs a change from ϕ

to ϕ +2π n as a result of an arbitrary dynamical process involving a changing bias current IJ .
According to Eqn. (1.5), IJ has to be the same in the beginning and the end of the process.
If one integrates the voltage across the Josephson junction, Eqn. (1.6), from the beginning
to the end of the process, one gets

∫
V dt = nΦ0. This represents an induced voltage due to

the change in magnetic flux of n flux quanta in any superconducting loop connected to the
Josephson junction. Accordingly, Josephson junctions can be seen as controllable gates for
flux quanta.

Based on the same argument, a measured mean voltage 〈V 〉 across a Josephson junction
must be caused by a train of induced flux quanta. The average frequency of this process, the
Josephson frequency, fJ reads:

fJ =
〈V 〉
Φ0

= 483
MHz
µV
〈V 〉 (1.7)

Note that the flux quantization condition Eqn. (1.3) is not fulfilled anymore, because a part
of the total phase in the superconducting loop is now caused by the Josephson junction. Still,
the total phase change around a superconducting loop is quantized to integer multiples of 2π ,
see Eqn. (1.1). This forms in combination with the Josephson Eqns. (1.5)–(1.6) and the phase
drop over inductances, see Eqn. (1.4), the basis to calculate the behavior of superconducting
circuits involving Josephson equations.
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1.2. Basics of superconducting electronics

1.2.4 RCSJ model of a Josephson junction

In practice, Eqns. (1.5) and (1.6) only sufficiently model the dynamics of a Josephson
junction in the quasi-static case. The complete dynamics of many Josephson junctions are
well explained by the resistively capacitively shunted junction (RCSJ) model [40, 43, 44],
which is shown in Fig. 1.1. Here, a capacitance C and a resistance R are connected in
parallel to the ideal Josephson junction. This models the electrostatic capacitance between
the two superconducting electrodes and the direct tunneling of electrons in the voltage
state, respectively. In practice, the resistance R is often determined by a comparably small
externally connected resistor. This is also the case throughout this thesis. The RCSJ model is
only valid for point-like Josephson junctions with a gap voltage VG� I0 R [40]. I0 R is the
characteristic voltage of the Josephson junction. These requirements are fulfilled throughout
this thesis.

Figure 1.1 also contains a noise current source IN which models the thermal Nyquist
noise of the effective resistance R with a noise power spectral density (PSD) of 4kB T/R.
Here, kB = 1.38·10−23 J/K is the Boltzmann constant and T is the temperature. Such a
frequency independent noise PSD is called “white”. The noise parameter

Γ =
2π kB T
I0 Φ0

(1.8)

relates the Josephson coupling energy to the thermal energy [40]. For low-TC Josephson
junctions, its value is typically in the order of 10−2. In this regime, there is no serious
influence on the general functioning of the Josephson junction.

The resulting nonlinear differential equation reads with Eqns. (1.5)–(1.6) [40, 43, 44]:

C
dV
dt

+
V
R

+ I0 sin(ϕ) = I + IN (1.9)

Φ0 C
2π

d2ϕ

dt2 +
Φ0

2π R
dϕ

dt
+ I0 sin(ϕ) = I + IN (1.10)

Using the Stewart-McCumber parameter βC [43, 44] and normalizing the currents to I0,
these expressions read:

βC

(2π I0 R/Φ0)
2

d2ϕ

dt2 +
1

2π I0 R/Φ0

dϕ

dt
+ sin(ϕ) = i+ iN (1.11)

βC = 2π I0 R2 C
/

Φ0 (1.12)

i = I/I0 iN = IN/I0

Figure 1.2 shows a simulation of a Josephson junction according to the RCSJ model. This
simulation was done with JSIM [45] with noise extensions [46], whose use will be explained
in more detail in chapter 3. Once the critical current of the Josephson junction is reached, it
starts to oscillate. Figure 1.2(a) shows these voltage oscillations of the Josephson junction.
Each voltage pulse shown here corresponds, as pointed out before, to one induced flux
quantum. The characteristic frequency I0 R/Φ0 describes, at least for βC� 1, the timescale
of any changes in the state of the Josephson junction. A normalized time would be according
to Eqn. (1.11) expressed as t 2π I0 R/Φ0.
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Chapter 1. Introduction

Γ = 0,βC = 0.2

1
fJ

= Φ0
〈V 〉

(a) (b)

i = 2
i = 1.1

0

0.5

1

1.5

2

2.5

3

3.5

1 1.5 2 2.5 3 3.5 4 4.5 5

V
[I 0

R
]

t [Φ0
/
(I0 R) ]

0

0.5

1

1.5

2

0 0.5 1 1.5 2
〈V 〉 [I0 R]

Γ = 0, βC = 0.2

Γ = 0.01, βC = 0.7

R

Γ = 0, βC = 2.0

I
[I 0

]

Figure 1.2: Simulation of the dynamics of Josephson junctions according to the RCSJ model. (a) Time
dependent voltage of an underdamped Josephson junction at two different bias currents. (b) The mean
(dc) current–voltage characteristics of Josephson junctions with varying βC and Γ and of the shunt
resistance. Each of the current–voltage characteristics was calculated in one simulation by sweeping
the current I up and down. This sweep was done very slow compared to the Josephson oscillations.
The voltage V was at the same time averaged by means of an attached low-pass filter.

In Fig. 1.2, we show simulated current–voltage characteristics for a few Josephson junctions.
In case of a finite temperature, the voltage state is reached at currents smaller than the critical
current I0, as one can see for the current–voltage characteristics with Γ > 0. This is usually
referred to as “noise rounding”. At currents I� I0, the Josephson junction has no influence
on the dynamics anymore and behaves like the effective resistance R.

For values of the Stewart-McCumber parameter βC > 0.7, the noise-free Josephson
junction behaves hysteretic. This can be seen in Fig. 1.2(b) for the case βC = 2. The junction
is switching from the superconducting state to the voltage state at currents close to the
critical current I0 for all values of βC, but for the switching back from the voltage state to the
superconducting state, the current needs to be brought back to a value smaller than I0 [43, 44].
The exact dynamic behavior is strongly dependent on the thermal noise Γ in consequence
of the random bias current [47]. Usually one refers to overdamped Josephson junctions for
βC� 1 and to underdamped Josephson junctions for βC� 1.

The hysteresis is a potential source of noise and irregular behavior and thus has to be
suppressed in most types of superconducting electronics, as in our case. As one can see from
Eqn. (1.12), the hysteresis can be suppressed by decreasing the resistance R. As pointed
out before, this can be achieved by connecting an external shunt resistor in parallel to the
Josephson junction.

The advent of Josephson junctions opened a complete new branch of electronics. One obvious
application of the Josephson effect is employed in SQUIDs: the application of the Josephson
effect for magnetic field sensors. Since the discovery of SQUIDs in 1964 [4], several types
of these sensors emerged. Besides the here treated dc-SQUID, another variant is given by the
rf-SQUIDs, which are represented by a superconducting ring interrupted by one Josephson
junction [2]. Further devices are for example the (double-)relaxation-oscillation SQUIDs
((D)ROS) [48–51], arrays of SQUIDs [52], microstrip SQUIDs [19], digital SQUIDs [53–55]
or SQUIDs with additional positive feedback (APF) [56].

In this thesis we concentrate on the dc-SQUID because of its in practice almost unchal-
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1.3. Dc-SQUID amplifiers

lenged sensitivity. Furthermore, with state of the art technologies and readout electronics, it
is comparably stable to fabricate and easy to utilize. From here on, we often simply refer to
the dc-SQUID as a “SQUID”.

1.3 Dc-SQUID amplifiers

IN2IN1

LSQ/2

LIN/2

M/2,k

ΦE +LSQ J

RI0C

LSQ/2

LIN/2

M/2,k

CI0R

V

J

I
IIN

Figure 1.3: Basic schematic of a dc-SQUID amplifier

The basic schematic of a dc-SQUID is shown in Fig. 1.3. A superconducting ring with an
inductance LSQ is interrupted by two Josephson junctions. Bias leads are connected between
the two Josephson junctions. For simplicity, symmetric SQUID parameters are assumed
throughout this thesis, so the parameters of the Josephson junction R, C and I0 are the same
for both junctions. Furthermore, the SQUID inductance LSQ is distributed symmetrically
over the two branches. The SQUID inductance is coupled to an input inductance LIN with a
coupling factor k and a mutual inductance M = k

√
LSQ LIN . This input inductance allows

one to couple an electrical signal into the SQUID.
The currents through the two Josephson junctions can be completely described by a

symmetrically split bias current I and a circulating current J running in the SQUID loop. The
two coupled Josephson junctions now behave with Eqns. (1.4), (1.11) and Kirchhoff’s laws
according to the following, again normalized, system of nonlinear differential equations:

βC

(2π I0 R/Φ0)
2

d2ϕ1

dt2 +
1

2π I0 R/Φ0

dϕ1

dt
+ sin(ϕ1) =

i
2

+ j + iN1

βC

(2π I0 R/Φ0)
2

d2ϕ2

dt2 +
1

2π I0 R/Φ0

dϕ2

dt
+ sin(ϕ2) =

i
2
− j + iN2

ϕ2−ϕ1

2π
=

ΦE +LSQ J
Φ0

=
ΦE

Φ0
+

βL

2
j

(1.13)

βL =
2 I0 LSQ

Φ0
j =

J
I0

(1.14)

Here, we introduced the screening parameter βL [57] and the external flux ΦE , as shown in
Fig. 1.3. Note that the total flux enclosed by the SQUID loop ΦT is the external flux plus a
self generated contribution: ΦT = ΦE +LSQ J.
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Chapter 1. Introduction

The system of nonlinear Eqns. (1.13) shows a complex dynamical behavior and is therefore
usually solved numerically. This was done first by Tesche and Clarke [57, 58] in 1977, but
also some other important literature on the dynamics of standard low-Tc dc-SQUID should
be mentioned here [2, 40, 59–61].

1.3.1 Characteristics

Figure 1.4 shows a simulation of the mean characteristics of a SQUID. The calculations were
done, like all simulations on SQUIDs in this thesis, using the already mentioned JSIM [45]
with noise extensions [46]. Details can be found in chapter 3.

All characteristics are periodic regarding the applied flux, which means that any parameter
of a SQUID at a flux ΦE is identical at all values of external flux ΦE + nΦ0, n being an
integer. From here on, any external flux is usually given in the range −0.5 to 0.5Φ0.

There exist more symmetries for the here assumed balanced SQUID. The voltage is
symmetric relative to the ΦE = 0 axis, so V (ΦE) = V (−ΦE), and the circulating current is
point symmetric around (ΦE ,J) = (0,0), which means that J(ΦE) =−J(−ΦE). Also these
symmetries will be used throughout the thesis and therefore we often only give values of
external flux in the range 0 to 0.5 Φ0.

The critical current I0,SQ of a SQUID, the current I where the voltage state is the reached,
depends on the applied flux. Its minimum is reached at |ΦE |= 0.5Φ0 and depends on βL

and to some extent on Γ via the already mentioned “noise rounding”. In case of the SQUID
shown in Fig. 1.4 with βL = 1, the minimum critical current is ≈ 1 I0. The maximum critical
current is for all values of βL reached at ΦE = 0 and takes a value of≈ 2 I0. This corresponds
to the critical current of the two parallel Josephson junctions. As mentioned before, the
observed critical current of a SQUID is generally dependent on Γ .

In a configuration as shown in Fig. 1.3, the coupling inductance LIN is a possible source
for external flux ΦE = M IIN and can therefore be used to readout a connected impedance.
The SQUID amplifies a small change of the external flux into a small voltage. This is
characterized by the flux-to-voltage transfer function GV Φ . The forward gain of the amplifier
from the input current to the output voltage is M GV Φ . Another small-signal parameter GV I
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Figure 1.4: Simulation of the characteristics of voltage and circulating current of a SQUID with
βL = 1, Γ = 0.01 with changing bias current I. (a) Flux–voltage characteristics. (b) Flux–circulating
current characteristics.
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1.3. Dc-SQUID amplifiers

describes the output resistance of the SQUID, as seen from the bias terminals. In total there
are four of these small-signal parameters, as indicated in Fig. 1.4. The two remaining ones
can be of importance in case a load is connected to the coupling coil of the SQUID.

GV Φ =
∂V

∂ΦE
GJΦ =

∂J
∂ΦE

(1.15)

GV I =
∂V
∂ I

GJI =
∂J
∂ I

(1.16)

The dynamic inductance of the SQUID 1/GJΦ describes how the circulating current J
reacts on an applied external flux, thus how the effective input impedance seen from LIN is
influenced by the SQUID. The reverse transfer function GJI characterizes the interaction
between the input and the output of the amplifier. It describes how a small change of the bias
current I results in a small change of the circulating current J which can have an influence on
a connected input impedance. The influence of all these parameters will be studied in more
detail in chapter 2.

1.3.2 Sensitivity

A simulation of the dynamics of a SQUID in the presence of thermal noise is shown in Fig. 1.5.
Both Josephson junctions switch with the same average frequency, which corresponds to the
Josephson frequency, see Eqn. (1.7). As one can see from the time series of the voltage of
the two junctions and the circulating current in Fig. 1.5(a), there is a random variation of
this frequency. This causes noise being “mixed down” from the Josephson frequency to a
white noise spectrum at lower frequencies. This can be seen in Figs. 1.5(b) and (c), where
we plotted the noise PSDs of the same time series.

The power spectral density Sxx, or the cross spectral density Sxy, are defined by the
auto-correlation function cxx, or cross-correlation function cxy, respectively [62]:

cxy(t ′) =
∫

∞

−∞

x(t)y(t + t ′)dt (1.17)

Sxy(ω) =
∫

∞

−∞

cxy(t ′)e−jωt ′ dt ′ (1.18)

Here, x(t) and y(t) are two time series and ω = 2π f is the angular frequency. For y(t) = x(t),
these equations represent the auto-correlation cxx(t ′) and power spectral density Sxx(ω) of
the time series x(t).

The additional noise of the amplifier is determined by the noise on the output of the SQUID
SVV , the PSD of the voltage across the SQUID V . This contribution adds noise to the input
signal of the amplifier. Together with the already introduced flux-to-voltage transfer function,
SVV can be referred to an equivalently measured additional flux noise PSD:

SΦ ,VV =
SVV

GV Φ
2 (1.19)

Another contribution, the back-action noise of the amplifier is determined by the noise on
the circulating current in the SQUID SJJ , which can drive currents through a connected input
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Figure 1.5: Simulation of the dynamics of a SQUID with βL = 1, Γ = 0.05, I = 1.7 I0, ΦE = 0.25Φ0.
The mean value of the voltage yielded 〈V 〉= 0.3 I0 R, which is indicated alongside with the average
Josephson frequency or period, respectively.
(a) The time dependent voltage of both Josephson junctions V1, V2 and the circulating current J. (b) The
calculated PSD of the voltage across the two junctions V1,V2 and the voltage across the SQUID V . For
comparison, see figure 2.12 on page 53 in reference [2]. (c) The calculated PSD of the circulating
current. (d) The calculated real part and imaginary part of the cross spectral density SJV between J
and V .

impedance. Its PSD is shown in Fig. 1.5(c).
There also exists a correlation between the additional and the back-action noise contribu-

tions, whose cross spectral density SJV is depicted in Fig. 1.5(d). At frequencies well below
the Josephson frequency, the imaginary part of the correlation can be neglected [63], whereas
the real part is white, it is independent of the frequency. The real correlation spectrum can be
interpreted in a simple way as a generation of output voltages that are caused by an apparent
external flux via the flux-to-voltage transfer. This apparent input signal is caused by the noise
on the circulating current J that is running through the SQUID inductance LSQ [63]. The
imaginary part is directly caused by the changing phase over the inductance LSQ and the time
dependent voltages of the Josephson junctions. This makes clear why the imaginary part of
the cross spectral density ℑ [SJV ] is negligibly small at frequencies much smaller than the
Josephson frequency.

Wide-spread parameters for comparing the noise performance are the so-called energy
resolutions. They express the noise energy per bandwidth referred to the SQUID inductance

10



1.3. Dc-SQUID amplifiers

LSQ. These quantities are related to experimental values by:

εVV =
SΦ ,VV

2LSQ
=

SVV

2LSQ GV Φ
2 (1.20)

εJJ =
SJJ LSQ

2
(1.21)

εJV =
SJV

2GV Φ

(1.22)

The additional energy resolution εVV is also used to characterize magnetometers, whereas the
other noise contributions are unimportant in this application of SQUIDs. Another important
figure of merit, the coupled energy resolution εVV /k2 = SΦ ,VV LIN/(2M2), should directly
be mentioned here because of its special importance. It refers the additional noise of the
SQUID to the input coil instead of the SQUID loop. This value can also be more easily
determined in experiments because LIN and M are directly accessible whereas LSQ is not.

In this thesis we concentrate on the higher audio frequency range to the intermediate
frequency range, say ≈ 102 to 107 Hz. That means that the signal frequency is considered
above 1/ f noise contributions [2] and much below the Josephson frequency, which takes
typical values of the order of 1010 to 1011 Hz. In this frequency range, the noise PSDs SVV ,
SJV and the correlation spectrum SJV can be considered white and real [57, 63]. The small-
signal parameters, Eqns. (1.15) and (1.16), are usually also assumed real and independent of
the frequency. Only for the dynamic inductance of the SQUID 1/GJΦ , a delay and thus an
imaginary part is mentioned in literature [59, 64, 65]. This delay is, expressed in a simple
way, caused by the shunt resistances connected in parallel to the SQUID inductance. The
involved time constants are in the order of the period of the Josephson oscillations and can
have an effect in some, especially high-frequency, applications. Nevertheless, experiments
on SQUIDs show much larger time delays on the input of the SQUID [65, 66]. A possible
explanation for this effect will be given in chapter 2.

The sensitivity of SQUID sensors was investigated in many publications, see for example [57–
60, 63, 67]. Also in this thesis, see chapter 3, we will numerically characterize SQUIDs with
the focus on their usage as an amplifier. Here, we will for simplicity only use the following
pioneer approximation formulas from the work of Tesche and Clarke [57, 58, 63] which are
given for the white noise region of an optimized SQUID βL = 1 in the overdamped βC� 1
and the low temperature Γ � 1 limit:

SΦ ,VV,TC ≈ 16kB T LSQ
2/R (1.23)

εVV,TC ≈ 8kB T LSQ /R (1.24)

εJJ,TC ≈ 5.5kB T LSQ /R (1.25)

εJV,TC ≈ 6kB T LSQ /R (1.26)

For the flux-to-voltage transfer function GV Φ of the optimized SQUID, Tesche and Clarke
found the following approximate expression [57, 58]:

GV Φ ≈ R/LSQ (1.27)

The output resistance of the SQUID GV I is typically approximated in an optimum working
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point with R/
√

2. Typical values of the dynamic inductance 1/GJΦ are larger than the
SQUID inductance, |GJΦ |LSQ . 1 [59, 65]. Note that this small-signal parameter can be
both negative and positive, depending on the working point. The reverse transfer function
can take values of |GJI | ≈ 0.1 [68]. This parameter was also measured in an experiment [69].

As one can see from Eqns. (1.24) to (1.26), the sensitivity of a SQUID with optimum
inductance βL = 1 can be improved in two ways. The first is to increase the shunt resistance
R. The limit here is given by the capacitance of the Josephson junctions C because of the
already mentioned hysteresis. Furthermore, the SQUID inductance LSQ will also possibly
resonate within the working range with roughly the effective capacitance of both junctions
C/2 [70, 71]. These limits will be treated in more detail in chapter 3.

According to reference [60], the best sensitivity of a SQUID is well approximated by
the overdamped model for βC . 0.7. In reference [67], the dc-SQUID was optimized in the
intermediate damping limit, resulting in a minimum additional εVV,min of ≈ 12kB T

√
LSQ C

at βC ≈ 1 to 2 and βL ≈ 1 to 2. This is close to the approximation formula in the overdamped
limit, see Eqn. (1.24), when the McCumber parameter βC, see Eqn. (1.12), takes values close
to 1. Because of the relatively small differences [67], we will usually ignore the intermediate
damped limit for simplicity and assume overdamped Josephson junctions.

Another measure to improve the sensitivity of a SQUID is to decrease the temperature,
see Eqns. (1.24) to (1.26). The first limitation here is given by the hot-electron effect [72, 73],
which occurs typically at bath temperatures below 1 K. It leads to a saturation of the
temperature of the electrons in the shunt resistors of a SQUID and thus also to a saturation of
the thermal noise of the shunt resistors. This effect will be investigated closer in chapter 4.

The second limit here is of quantum mechanical origin. The best reachable sensitivity of
the SQUID for a perfectly matched input impedance is, in terms of a minimum reachable
equivalent input noise temperature TN0, given by [59, 64, 74]:

TN0 =
π f

kB |GV Φ |

√
SVV SJJ−SJV

2 =
2π f
kB

ε0 (1.28)

ε0 =
√

εVV εJJ− εJV 2 & h̄/2 (1.29)

This minimum noise temperature is, in the limit of very low temperatures T → 0, restricted
by quantum mechanics. Numerical simulations on SQUIDs with noise variables iN1, iN2 that
model the zero-point fluctuations at the Josephson frequency, suggest that the minimum value
for ε0 is h̄/2 = h/(4π) [16, 17]. This result is close to the fundamental noise temperature
achievable with any linear, phase insensitive, amplifier [16, 17, 74, 75]. Accordingly, the
SQUID seems to have the potential to reach the quantum limit.

The signal-to-noise ratio of SQUID amplifiers in the thermal noise limit will be discussed
in more detail in chapters 2 and 3.

1.4 Practical SQUID systems

1.4.1 Practical SQUID designs

SQUIDs are usually fabricated using thin-film processes, for an overview see for example
chapter 3 of reference [2]. The Josephson junctions are directly integrated on one chip
with the SQUID inductance, which is usually made of a so-called washer structure [76], an
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open superconducting thin-film structure which is shorted by the Josephson junction. The
enclosed free area can be used for coupling an external signal flux. The SQUID designs
treated in chapter 5 were fabricated at the foundry at the IPHT Jena in the “LTS SQUID”
process [77]. Here, Nb/Al2O3−Al/Nb SINS Josephson junctions are used and two layers of
Nb are available to form superconducting structures.

For many applications of SQUID amplifiers, a good coupling to the object of interest is
of importance. Thus, a high coupling factor k between the input coil LIN and the SQUID
inductance LSQ, as shown in Fig. 1.3, is desirable. This can be effectively achieved by
integrating the input coil on top of the washer structure. Introduced parasitic capacitances
within the design can strongly influence the dynamics of the SQUID, see for example
references [65, 78–84]. This will be investigated in more detail in chapters 3 and 5.

Furthermore, we want to name another typical design that we also employed, the resis-
tively shunted SQUID. Here, the SQUID inductance LSQ is connected to a parallel resistance.
This design has some interesting properties [85–87]. Besides possibly damping resonances,
it also allows to improve the performance of sub-optimal SQUIDs with βL� 1. Also this
will be treated in more detail in chapters 3 and 5.

1.4.2 SQUID electronics

Good reviews on SQUID electronics can be found in reference [88] or in chapter 4 of
reference [2]. Here, we will introduce concepts and effects important for our purpose. We
concentrate on the nowadays widely spread directly coupled SQUID electronics, which we
also used throughout the experiments in chapter 4 and 5. Because we do not have to deal
with 1/ f noise, we did not have to use modulation schemes [2].

For our case, as in most of the experiments, the SQUID electronics fulfill mainly two
purposes. On the one hand, the response of the SQUID has to be linearized. On the other
hand, the SQUID has to be read out without degrading the sensitivity. The measurements
shown in chapter 4 and 5 were partly performed at bath temperatures below 1 K. This asks for
special measures for a low noise readout of the SQUID by the room temperature electronics.

Sensitivity

If the SQUID is biased with a constant current, as assumed in the last section, the readout
electronics need to measure small changes in the voltage response V of the SQUID without
adding significant noise. According to Eqns. (1.23) and (1.27), the voltage noise PSD at the
output of an optimized SQUID is ≈ 16kB T R. For practical low-Tc SQUIDs this leads to
levels in voltage noise that can be hard to measure without a degradation of the sensitivity.
The simple schematic of such a configuration is shown in Fig. 1.6(a). Here, the SQUID
electronics are modeled as a high impedance |ZAMP| � GV I voltage amplifier with a gain
GAMP and two noise sources. A voltage noise VN,AMP with a PSD SVV,AMP models additional
noise whereas the current noise source IN,AMP with a PSD SII,AMP models back-action noise
from the amplifier. Both contributions are referred to the input of the amplifier. The amplifier
noise can be added to the SQUID output noise in the following way, where uncorrelated
noise sources and a high input impedance of the amplifier RAMP� GV I were assumed [88]:

SVV = SVV
′+SVV,AMP +GV I

2 SII,AMP (1.30)
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Figure 1.6: Schematics of (a) Directly coupled SQUID electronics including additional and back-action
noise sources. (b) Two-stage SQUID setup.

Here, SVV
′ is the output voltage noise of the autonomous SQUID. Via the reverse transfer

function GJI of the SQUID, the back-action and the correlation term can also have an
influence:

SJJ = SJJ
′+GJI

2 SII,AMP

SJV = SJV
′+GV I GJI SII,AMP

(1.31)

Here, SJJ
′ and SJV

′ are the back-action PSD and correlation spectral density of the au-
tonomous SQUID, respectively. For a low noise operation, all the additional terms introduced
by the readout electronics, should be minimized.

Optimized low noise room temperature SQUID electronics reach input voltage noise levels
of
√

SVV,AMP ∼ 0.3 nV/
√

Hz [88], which is too high for measurements on typical SQUIDs,
especially operated at temperatures below 4 K.

One way to solve this problem is a two-stage SQUID setup [2, 18, 89, 90], which is
shown in Fig. 1.6(b). Here, the first stage SQUID, or sensor SQUID, is voltage biased via a
small bias resistor RB� GV I,1 connected in parallel to the SQUID. This results in a working
point of the SQUID at a voltage ≈ I1 RB. A small flux change on the input of the first stage
SQUID ∆ΦE,1 causes a current ≈ ∆ΦE,1 GV Φ ,1/GV I,1 in the output loop of the first stage.
Here, GV Φ ,1 and GV I,1 represent the flux-to-voltage transfer and the output resistance of
the first stage SQUID, respectively. If a loading of the first stage SQUID at the Josephson
frequency is neglected, one can simply use the current-bias parameters of the SQUID as
defined in the last section. The output current is then measured by a second SQUID via its
coupling inductance LIN,2. The total gain from the voltage of the first to the voltage of the
second SQUID now reads:

GV 1,V 2 ≈
M2 GV Φ ,2

GV I,1
(1.32)

Here, the input mutual inductance M2 and flux-to-voltage transfer of the second stage SQUID
were used. Under the condition RB� GV I,1 and the assumption that the bias resistor and
the first stage SQUID are placed at the same bath temperature, the noise of the bias resistor
can be neglected with respect to the voltage noise ≈ 16kB T R of the SQUID. Furthermore,
back-action noise originating from the second stage SQUID can be neglected. The voltage
noise at the output of the second stage then reads

SVV,2 ≈ GV 1,V 2
2 SVV,1 +SVV,2

′ (1.33)

where the voltage noise PSD of the autonomous second stage SQUID SVV,2
′ was used. A
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Figure 1.7: Simple schematic of a flux-locked loop electronics which consists of an amplifier with
gain GAMP, a delay element with time constant τD and an integrator with time constant τI . A voltage
offset can be adjusted in the electronics to set the working point.

high gain between the first and the second stage GV 1,V 2 allows to eliminate the noise of the
second stage and the following room temperature readout electronics. In case the gain GV 1,V 2

is too high, filter inductances have to be placed in series with LIN,2.

Linearization of the SQUID response

The overall response of the SQUID can be linearized by negative feedback [91]. A schematic
of a single pole flux-locked loop (FLL) setup is shown in Fig. 1.7. Small changes in voltage
on the SQUID are measured, integrated and fed back to the SQUID via a mutual inductance
with the SQUID MFB. This leads to a constant flux point of the SQUID at small frequencies.
In principle, the feedback can be directly applied via the coupling inductance of the SQUID
LIN . Nevertheless, in practice a separate feedback coil is typically used.

For an ideal FLL with a basic single-pole integrator, the output voltage of the FLL VFLL

reads:

VFLL = ΦE
RFB

MFB

1
1+ j2π f τFLL

(1.34)

τFLL =
∣∣∣∣ RFB

MFB

τI

GAMPGV Φ

∣∣∣∣ (1.35)

Here, f is the frequency of the signal flux ΦE in the SQUID, GAMP is the gain of the amplifier
and possibly of a two-stage setup, GV Φ is the flux-to-voltage transfer of the SQUID and τI is
the time constant of the integrator. The overall time constant of the FLL τFLL determines the
bandwidth.

Equation (1.35) is only valid for large time constants of the FLL τFLL� τD. Here, τD

is the time constant associated with the delay element indicated in Fig. 1.7. If one tries to
increase the bandwidth further, the frequency response changes and the FLL can become
unstable [88]. The delay element models the time the signals need to travel between the
SQUID and the room temperature electronics or the bandwidth of the open loop chain for
example. The latter is influenced by the bandwidth of the readout amplifier or of a two-stage
setup.

The influence of the FLL, as given in Eqn. (1.34), on the operation of a SQUID with a
connected input impedance will be examined in more detail in chapter 2.
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1.5 Readout of the first spherical gravitational wave an-
tenna MiniGRAIL

SQUID amplifiers are interesting for a wide range of measurements. Besides their application
as a magnetometer with an externally connected pickup-coil, there are several other types of
measurements that can be conducted. There are many quantities that can be transformed into
a weak electrical current which then can be measured by a SQUID amplifier. For example,
the SQUID-based critical current comparators are extremely sensitive devices for measuring
electrical signals. SQUIDs were used to perform noise thermometry, to read out thermal
detectors for astronomy such as transition edge sensors or superconducting tunnel junctions
and to perform measurements on qubits. An overview of possible applications can be found
in reference [3].

In our case, the designated application is the readout of the first spherical resonant
mass gravitational wave antenna MiniGRAIL, which is situated at Leiden University in the
Netherlands. The quantity to determine here is thus an extremely small displacement. An
overview on MiniGRAIL can be found in references [30–33].

The core of MiniGRAIL is a 1.4 ton heavy CuAl sphere with a diameter of 68 cm cooled
down to cryogenic temperatures. The sphere has resonance modes with frequencies around
3 kHz and high quality factors of ∼ 106. In case a gravitational wave is passing, some energy
is coupled to the mass, whose different modes begin to resonate. This directly leads to
the advantage of the spherical detector with respect to laser interferometers or resonant bar
detectors. From the different resonant modes, the direction and polarization of a passing
gravitational wave can be determined. To achieve this, the displacement of the surface of the
sphere has to be measured at six points in a so-called TIGA configuration.

The high quality factor of the sphere keeps the influence of mechanical thermal noise
low. A further measure to reduce mechanical noise is to lower the temperature. The intended
temperature of the whole system of 20 mK is approached using an integrated dilution
refrigerator. These extremely low temperatures need to be reached to be able to measure
a low strain sensitivity, the relative displacement of the surface of the sphere compared
to its diameter. The goal for the strain sensitivity is below 10−21/

√
Hz. The system is

mechanically isolated from the environment by means of extreme mechanical damping of
the sphere and its readout instruments.

The displacement of the surface of the sphere is in MiniGRAIL converted into an
electrical signal using a capacitive transducer. The whole readout system is shown in Fig. 1.8.
A displacement of the surface of the sphere is first mechanically amplified by two mass-
spring systems, whereas the second mass forms a part of the capacitive transducer. This
transducer has a capacitance of about CT ≈ 5 nF and is charged with up to 200 V. The
capacitive transducer is a plate capacitor with a gap of tens of micrometers. A modulation of
this gap generates a current that is coupled to the SQUID. A decoupling capacitance with
values much bigger than CT prevents the transducer to discharge. The impedance matching
of the high impedance of the capacitor to the much smaller inductive input impedance of
the SQUID is achieved by a transformer. The electrical resonance frequency is close to the
resonance frequencies of the different modes. The requirement of low dissipation is of course
also valid for the electrical circuit.

Minimum experimental strain sensitivities at a temperature of 5 K were in the order of
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Figure 1.8: Simplified readout schematic of MiniGRAIL with the capacitive transducer CT .

10−20/
√

Hz [33], which is sensitive enough for the detection of a gravitational wave signal
originating from a supernova within our galaxy [31]. The corresponding displacement is
∼ 10−19 m [33]. The most dominant noise sources during this run were mainly mechanical
thermal noise and the noise contribution of the SQUID amplifier. The improvement of the
latter sets the focus of this thesis.

Although the topics of this thesis are mainly influenced by the requirements of the Mini-
GRAIL project, this work can be read in the general context of best possible SQUID
measurements in the intermediate frequency range. In chapter 2, we deal with the question
how SQUID systems behave with different connected input impedances. One of these
impedances is a capacitance as in the case of MiniGRAIL. In chapter 3 we summarize,
based on the results of chapter 2, the optimization of SQUIDs. The low bath temperatures
of MiniGRAIL suggest an operation of the SQUID at these temperatures. Here, the already
mentioned hot-electron effect is dominating on the sensitivity of the SQUID. In chapter 4,
we describe experiments and calculations on the suppression of influences of the hot-electron
effect. In the final chapter 5, we shows the design and characterization of SQUIDs for an
optimized readout of MiniGRAIL.
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Chapter 2

Low noise utilization of
dc-SQUID amplifiers

For a practical low noise utilization of a SQUID amplifier, many effects have to be taken
into account. First of all, the small-signal parameters of the SQUID, see Eqns. (1.15)–(1.16)
on page 9, determine its effective input impedance as well as its gain. Secondly, its noise
parameters, see Eqns. (1.20)–(1.22), influence the achievable signal-to-noise ratio. Thirdly,
in practice the SQUID is usually linearized by means of a flux-locked loop, see section 1.4.2
on page 15, which should therefore be included in an analysis. The motivation for this
chapter was to investigate the influence of all of these aspects on the practical performance
of a SQUID based readout system for a general input circuit.

In section 2.1 we will introduce our basic assumptions regarding the SQUID dynamics.
The SQUID dynamics can be influenced by the presence of a connected input circuit. We
give a brief overview of studies in literature. Here, partly contradicting effects are postulated.
We define our assumption for the following analysis.

In section 2.2, we show a small-signal analysis of the SQUID amplifier with a general
input impedance connected to its input inductance. We incorporate the influence of the
small-signal and noise parameters of the SQUID, the loading of the SQUID via a connected
output circuit and a possible FLL operation. Parasitic mutual inductances that can be of
importance in a practical measurement are included. Both the loading of the SQUID and the
FLL operation can be modeled as feedback effects that on the one hand change the frequency
response of the system and on the other hand shift noise contributions between the output
and the input of the SQUID amplifier.

These feedback effects are investigated closer in section 2.3. Here, we especially focus
on the input impedance of the amplifier and derive expressions for influences of a loading
of the SQUID via an output circuit, the SQUID operated in FLL or a combination of both.
The results give a possible explanation for measured resistive parts of the input impedance of
SQUIDs operated in direct readout.

In the following section 2.4, we describe the achievable signal-to-noise of the system. It
turns out that the feedback effects have no influence here. We derive the SQUID equivalent
input noise temperature and express it in a general form which is independent of the connected
input circuit. Based on this, we define three parameters of the SQUID that determine the
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noise temperature with an arbitrary connected input impedance.
In the final section 2.5, we investigate the performance of three basic input circuits: a

resistive, an inductive and a capacitive input circuit. For each of these cases, we derive
expressions for the noise temperature as well as noise spectra in practical measurements. On
the basis of this, we introduce a new technique to determine all noise parameters of a SQUID
connected to a variable input inductance. For the resistive and capacitive input impedance,
we introduce a way to characterize parasitic mutual inductances within the system. The
influence of these parasitic elements on the stability of a capacitive input impedance is
discussed. For the case of the capacitive input impedance, we derive an analytic expression
for the achievable bandwidth.

2.1 SQUID dynamics in the presence of an input circuit

Before discussing the effects of the SQUID on a coupled input circuit, we want to give our
basic assumptions about the opposite case. The input circuit can also influence the dynamics
of the SQUID.

The schematic shown in Fig. 2.1 on page 22 shows our used model of a dc-SQUID
coupled to a general input impedance Z̄L. The dynamics of the SQUID are determined at
the Josephson frequency, see Eqn. (1.7) on page 4. Furthermore, the SQUID dynamics are
dependent on the inductance of the SQUID LSQ. In case Z̄L represents an inductance, one
can directly see that for small values of the coupled inductance and for high coupling factors
k, the effective SQUID inductance is screened by the input circuit. In this case, the dynamics
of the SQUID are changed. The same holds for the case that Z̄L represents a resistive or
capacitive input impedance. At the Josephson frequency, the effective SQUID inductance is
screened by the input circuit.

There have been several groups of publications discussing the altered SQUID dynamics
with a connected input impedance. Partly contradicting results were found. Here, we want to
give a short overview before defining our assumptions regarding this effect.

The first group can be summarized in the two publications by Clarke et al. [64] and Danilov
et al. [59]. They used a simple model of a SQUID just characterized by its low frequency
parameters. An altered operation of the SQUID due to the presence of the input impedance
is not treated.

The second group of publications by Tesche [74, 92] and Martinis et al. [93] analyzed the
problem under the practical assumption that the effective SQUID inductance changes at a
frequency much below the Josephson frequency. They treated this problem by splitting the
equations of the SQUID into the nonlinear equations of a reduced SQUID with a lowered
effective inductance at the Josephson frequency and a linear part accounting for the low
frequency response of the SQUID. This will be treated in more detail in chapter 3. The
derived results were not only that the SQUID dynamics change, also new features in the
influence of noise of the SQUID at the measurement frequency were derived.

Nevertheless, in reference [93] from the second group of publications, the authors
considered the case of “capacitive effects” within the SQUID design. The assumption for
this case was that no currents are flowing through the connected input impedance Z̄L at the
Josephson frequency. This can be caused by a distributed capacitance between the input coil
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and the SQUID inductance. For the case of “capacitive effects”, the low frequency interaction
of the SQUID with the connected input circuit follows the model as assumed in the first
group of publications, only the exact small-signal and noise parameters are determined by
the SQUID dynamics in the presence of intrinsic distributed capacitances.

A third group of publications, the papers by Folkner et al. [94] and by Carroll [68] states that
the SQUID is influenced by the connected impedance but it does not necessarily introduce
completely new effects. According to both publications [68, 94], the known small-signal
parameters at low frequencies are sufficient to describe the effective input impedance and
the gain of a SQUID amplifier, independent of the dominant mechanism at the Josephson
frequency. In reference [68], also the influence of noise is treated. The results suggest that
the same holds here. Most likely, there are no additional noise features at the measurement
frequency.

Regarding these partly contradicting results, we conclude that the first group of publications is
applicable. The analysis just has to be based on the correct small-signal and noise parameters
of the SQUID. In this chapter, we will ignore what determines the SQUID dynamics:
the SQUID can be a standard SQUID as introduced in section 1.3 on page 7, it could be
influenced by intrinsic capacitances and it could possibly be loaded by connected external
circuits at the Josephson frequency. Furthermore, we assume that it does not matter in which
frequency range the effective SQUID inductance is undergoing a change. This can happen
either above, below or at the measurement frequency.

In chapter 3, section 3.4, we will test this assumption by means of numerical experiments
on SQUIDs with strongly coupled capacitive input circuits.

2.2 Small-signal description of the system

We performed a small-signal analysis of the SQUID amplifier and its readout system with a
connected input circuit based on the schematic shown in Fig. 2.1. In the rest of this chapter
we will, unless explicitly stated otherwise, use small-signal values around one working point.
Because we wanted to study effects of the FLL, we include a feedback coil with mutual
inductances MFB,SQ to the SQUID and MFB,IN to the input circuit. The latter is usually
considered of parasitic origin. Furthermore, two complex impedances are connected to the
SQUID. The input impedance Z̄L = RL + jXL is connected to the input coil of the SQUID, it
resembles the measurement object of interest. The voltage source VL models a signal source
which will be later used to model thermal noise originating from the real part of the input
impedance of the SQUID ℜ [Z̄L]. The impedance connected to the output of the SQUID
Z̄OUT = ROUT + jXOUT resembles the input impedance of the next amplifier stage.

The small-signal parameters of the SQUID GV Φ , GJΦ , GV I and GJI are assumed to be
known at low frequencies. We also assume known noise parameters SVV , the power spectral
density (PSD) of the voltage of the SQUID, SJJ , the PSD of the circulating current in the
SQUID, and SJV , the correlation spectral density of VN and JN . They correspond to the
parameters of an autonomous SQUID as introduced in section 1.3. The SQUID inductance
LSQ also represents the effective value at the measurement frequency.

The effect of a resistive part of the input impedance of the autonomous SQUID would
be represented by a complex dynamic inductance 1/ḠJΦ . Here, time delays are basically
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ĪFB

Φ̄E +LSQ (J̄ + JN)

LSQ

Z̄L

LIN

Z̄OUT

M,k

V̄IN

ĪOUT

V̄OUT = VN +GV Φ Φ̄E

MFB,SQMFB,IN

J̄ + JN

VL

ĪIN

Figure 2.1: Schematics used for the small-signal analysis of the SQUID system with a connected input
impedance Z̄L, a loading output impedance Z̄OUT and a feedback coil for the FLL operation.

caused by the nonlinear inductive SQUID loop in combination with the shunt resistors.
For this effect the time constant can only take positive and very small values in the order
of the Josephson oscillations [59, 64, 65]. We will neglect this effect due to the the low
measurement frequency f compared to the Josephson frequency: f � fJ . We therefore
assume GJΦ to be real. We will come back to this issue below.

For completion, we directly want to point out that we performed the following calculation
also including mutual inductances between the output circuit and the rest of the loops. For
our low frequency case, the direct induction of voltages in the output loop can be neglected
because of its rather small magnitude compared to voltages generated via the flux-to-voltage
transfer function GV Φ . The mutual inductances between the output circuit and the SQUID
loop MOUT,SQ and between the output circuit and the input circuit MOUT,IN couple magnetic
flux from the output current ĪOUT to the SQUID inductance LSQ and the input inductance
LIN , respectively. These mutual inductances can be included in the small-signal parameters
of the SQUID:

GV I = G′V I +MOUT,SQ GV Φ (2.1)

GJI = G′JI +MOUT,SQ GJΦ +MOUT,IN/M (2.2)

Here, the parameters with the apostrophe represent the values for the autonomous SQUID
without the respective geometrical inductive coupling. The parasitic mutual inductances
MOUT,SQ and MOUT,IN are not shown in Fig. 2.1 for simplicity.

The directions of the currents are chosen such that positive currents J̄, ĪIN and ĪFB generate
positive external flux Φ̄E through the SQUID loop, where we at the same time defined the
mutual inductances M and MFB,SQ to be positive. Accordingly, the total small-signal flux in
the SQUID loop reads Φ̄E = M ĪIN +MFB,SQ ĪFB. The small-signal voltage measured on the
output of the SQUID is V̄OUT = VN +GV Φ Φ̄E . The third mutual inductance MFB,IN can take
positive and negative values, depending on the origin of the coupling. For a standard SQUID
with one washer and both coils coupling to the same inductance, MFB,IN is typically positive.
This can be changed for example by adding a small transformer between the input and the
feedback loop [94]. Writing down the Kirchhoff law for the input and the output loop yields:

0 =−VL + jω M JN +(jω LIN + Z̄L) ĪIN

+ jω (MFB,IN +MFB,SQ GJΦ M) ĪFB + jω M GJI ĪOUT (2.3)

0 = VN +GV Φ M ĪIN +GV Φ MFB,SQ ĪFB +(GV I + Z̄OUT ) ĪOUT (2.4)
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2.3. Influence of external circuits on the input loop

In this chapter we use the angular frequency ω = 2π f . For the used voltages and currents
see Fig. 2.1. In case the FLL is used, the negative feedback is applied such that the voltage
across the output of the SQUID stays constant. Assuming a standard directly coupled
FLL scheme [2] with a single-pole integrator, see Eqn. (1.34) on page 15, the following
expressions for the feedback current can be used for the “direct readout” and the “flux-locked
loop” (FLL) case:

Direct readout:

ĪFB,DIR = 0 (2.5)

Flux-locked loop:

ĪFB,FLL =− M ĪIN +VN/GV Φ

MFB,SQ (1+ jω τFLL)
(2.6)

Here, τFLL is the time constant of the FLL, see Eqn. (1.34), which can only take positive
real values. Combining Eqns. (2.3) to (2.6) allows to determine the input impedance of the
SQUID Z̄IN and the direct influence of the noise contributions on the input loop:

Φ̄M = V̄OUT /GV Φ = M ĪIN +VN/GV Φ (2.7)

Z̄IN = jω LIN
(
1+ k2 gJΦ

)
+ Z̄FB (2.8)

gJΦ = LSQ GJΦ (2.9)

V̄IN = Z̄IN ĪIN + jω M JN + Z̄FB VN
/
(GV Φ M) (2.10)

ĪIN = (VL−V̄IN)/Z̄L (2.11)

The output signal can be considered as the measured flux in the SQUID Φ̄M in both the
direct readout and the FLL case. It is only indirectly determined by the output voltage of the
SQUID in direct readout and by the feedback current in FLL. Furthermore, we normalized
the dynamic inductance of the SQUID to the SQUID inductance, see Eqn. (2.9).

The impedance Z̄FB, which was introduced in Eqns. (2.8) and (2.10), describes the
influence of feedback effects originating from both the loading of the SQUID via the output
circuit and from the negative feedback in FLL operation, or a combination of the two. The
exact values of Z̄FB will be given in the following section.

2.3 Influence of external circuits on the input loop

Both the loading of the SQUID via a connected output circuit and the influence of the FLL
operation can be seen as feedback effects. Accordingly, both contributions are modeled by a
virtual impedance Z̄FB in Eqns. (2.8) and (2.10). As one can see from Eqn. (2.8), feedback
causes a deviation of the input impedance from the purely imaginary input impedance of
the autonomous SQUID jω LIN

(
1+ k2 gJΦ

)
[59]. Furthermore, it describes how the voltage

noise VN at the output of the SQUID is fed back into the input circuit and acts as a back-action
noise, see Eqn. (2.10).

To model the loading of the SQUID via the connected output circuit, we introduce the
output time constant τOUT :

τOUT =
XOUT

ω (ROUT +GV I)
(2.12)
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This time constant τOUT can take positive and negative values. As one can see, it describes
the phase shift between the output voltage of the SQUID V̄OUT and the response current in
the output loop ĪOUT due to the imaginary load.

It is useful to norm the impedances to the geometric input inductance of the SQUID:

z̄FB =
Z̄FB

ω LIN
=

XFB

ω LIN

(
RFB

XFB
+ j
)

= `FB (ω τFB + j)

z̄IN =
Z̄IN

ω LIN
= j
(
1+ k2 gJΦ + `FB

)
+ω τFB `FB

(2.13)

Here, we introduced the normed change in the input inductance of the SQUID `FB caused by
the feedback effects. Furthermore, any change in effective input inductance is accompanied
by the generation of a resistive part. This is characterized by a time constant τFB which is
connected to the feedback mechanism. Combining Eqns. (2.3)–(2.11), these quantities read
for either direct readout or FLL operation:

Direct readout: (2.14)

`FB,DIR =− k2 LSQ GJI GV Φ

(ROUT +GV I)(1+ω2 τOUT
2)

≈−k2 LSQ GJI GV Φ

ROUT +GV I

τFB,DIR = τOUT

Flux-locked loop: (2.15)

`FB,FLL =− 1
1+ω2 τFLL2

(
k2 gJΦ +

k kFB,IN

kFB,SQ
+ `FB,DIR ω

2
τFLL τOUT

)
≈−k2 gJΦ −

k kFB,IN

kFB,SQ

τFB,FLL = τFLL

(
1+

`FB,DIR

`FB,FLL
ω τFLL (1−ω τOUT )

)
≈ τFLL

The approximate expressions in Eqns. (2.14) and (2.15) are correct for ω
∣∣τFLL/OUT

∣∣� 1
and the fact that in a common SQUID setup usually |`FB,DIR/`FB,FLL|. 1 is valid. Note that,
because in general |τOUT | determines the bandwidth in direct readout, the total time constant
in FLL τFLL has to be chosen larger than |τOUT |, see section 1.4.2 on page 13.

Looking at the different terms in Eqns. (2.14) and (2.15), one can see several effects that
change the properties of the autonomous SQUID. These effects are caused by feedback from
the output of the SQUID to the input via direct loading, via the FLL or a combination of both.
The imaginary part of the output loop alters the input impedance of the SQUID via GV Φ

and GJI and generates a positive or negative real part, see Eqn. (2.14). In FLL, this effect is
usually negligible, see Eqn. (2.15).

In Eqn. (2.15), one can see the dominant effects of the FLL. Here, the influence of the
dynamic inductance of the SQUID 1/gJΦ , which usually screens the geometric inductance
LIN , is canceled out [94]. Also in this case, a resistive component is generated by the time
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2.4. Equivalent input noise temperature

constant of the FLL τFLL. Furthermore, the (parasitic) coupling kFB,IN is directly altering
the input inductance and generates resistive parts [94]. For a standard single-hole SQUID
with kFB,IN > 0, the generated resistance takes negative values. In section 2.5.1 we will
describe one way to experimentally determine kFB,IN . Note that applying the feedback
directly via the input inductance LIN can simply be modeled by setting k kFB,IN/kFB,SQ = 1
in Eqns. (2.3)–(2.15). This results for ω τFLL� 1 in a total effective input impedance of the
SQUID of only a negative resistive value and a very small inductive part.

The time constant of the feedback τFB is, besides changing the overall frequency response
of the system, of special interest. In case a capacitive impedance is connected, a total negative
resistance in the input loop can cause instabilities. This will be treated in section 2.5.3.

Resistive parts of the effective input impedance of the SQUID z̄IN were studied in direct
readout in references [65, 66] and compared to the already mentioned, and here neglected,
theoretical time constant connected to a change in the circulating current of the autonomous
SQUID [59, 65]. Here, time delays are basically caused by the nonlinear inductive SQUID
loop in combination with the shunt resistors. The time constant of the autonomous SQUID
can only take positive and very small values in the order of the Josephson oscillations.

The actually measured effects in references [65, 66] showed in both cases much larger
time constants with positive and negative values. In both cases, the time constants were ap-
proximately proportional to the flux-to-voltage transfer GV Φ . Our treatment, see Eqns. (2.13)–
(2.14), suggests a proportional dependency with GV Φ and τOUT . The time constant τOUT ,
see Eqn. (2.12), typically takes in a practical setup much larger values than the timescale of
the Josephson oscillations.

In case of employed directly coupled SQUID electronics, see Fig. 1.6 on page 14, Z̄OUT

can in practice be approximated by an input resistance of the amplifier connected in parallel to
a parasitic capacitance 1/Z̄OUT = 1/RAMP + jω CAMP. This simplifies for ω RAMP CAMP� 1
to Z̄OUT ≈ RAMP (1− jω RAMP CAMP). Using RAMP � GV I , this leads with Eqn. (2.12) to
τOUT ≈−RAMP CAMP.

In case the SQUID is used in a two-stage SQUID setup, which is also depicted in Fig. 1.6,
it is biased via a small bias resistor RB in one loop with the input inductance of the second
stage SQUID LIN,2. This leads to τOUT ≈ LIN,2/(GV I +RB).

There is no precise description of the readout circuit of the SQUIDs measured in ref-
erences [65, 66], but we believe that the measurements could be explained by this model.
In general, one can say that a large reverse transfer function of the SQUID |GJI |, a small
loading output resistance ROUT and a large time constant of the output circuit τOUT increase
effective input resistances. Also see Eqn. (2.2) for the influence of parasitic inductances
within the SQUID system on GJI . From our point of view, the model of a capacitive coupling
between the output of the SQUID and the input coil, as presented in reference [65], does not
hold for a SQUID with a reasonably symmetric coil layout and parasitic capacitances of the
coil in the order of the capacitance of the Josephson junctions.

2.4 Equivalent input noise temperature
As pointed out before, in direct readout and FLL one can consider the output signal of the
amplifier as the measured flux in the SQUID Φ̄M . This signal can also be refered to the input
loop. Combining Eqns. (2.7)–(2.11), the measured flux can be expressed in an equivalent
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VL

Z̄L jωMJN VN
MGV Φ

Z̄FB

ĪIN

LIN
(
1+ k2gJΦ

)

Φ̄M/MV̄IN

Figure 2.2: Schematic of the amplifier including feedback effects, represented by Z̄FB. The frequency
response of the system as well as the influence of additional and back-action noise are modeled.

input voltage V̄M that represents the sum of the actual input signal VL and a virtual input
noise voltage which is caused by the readout system:

V̄M =
Φ̄M
(
jωLIN

(
1+ k2 gJΦ

)
+ Z̄FB + Z̄L

)
M

= VL︸︷︷︸
input signal

+
VN
(
jω LIN

(
1+ k2 gJΦ

)
+ Z̄FB + Z̄L

)
MGV Φ︸ ︷︷ ︸

additional noise

− jω M JN−
VN Z̄FB

M GV Φ︸ ︷︷ ︸
back-action noise

= VL +VN
Z̄L + jω LIN

(
1+ k2 gJΦ

)
MGV Φ

− jω M JN (2.16)

If the readout of the SQUID does not introduce further noise contributions, see Eqns. (1.30)
and (1.31) on page 13, one can see from Eqn. (2.16) that feedback effects, which are
represented by Z̄FB, do not alter the noise properties. This was also assumed in reference [64].

The feedback effects can be visualized in a schematic as shown in Fig. 2.2. Note how
Z̄FB affects both the total impedance of the input circuit as well as the influence of the output
noise VN . Z̄FB still affects the transfer function between VL and Φ̄M but it does not alter the
equivalent input voltage V̄M . Accordingly, feedback effects can drive additional noise into
the input circuit without changing the signal-to-noise ratio.

The noise contribution of the amplifier can be described by an equivalent input noise
temperature TN . For this purpose, we first use the input voltage VL to introduce the Nyquist
voltage noise of the resistance of the input circuit RL = ℜ [Z̄L] with a PSD of 4kB T RL. The
uncorrelated noise contribution of the amplifier, which is part of the noise PSD SV,M of the
equivalent input voltage V̄M , can now be expressed as an virtual change of the temperature of
the input circuit from T to T +TN [95]:

SV,M = 4kB(T +TN)RL (2.17)

TN =
SV,M−4kB T RL

4kB RL
(2.18)

We call the equivalent input noise temperature TN from here on noise temperature. To
calculate the PSD SV,M of the measured voltage V̄M , one also has to take the correlation
between the additional and the back-action noise into account.

Suppose one has two correlated time series x and y with a PSD of Sxx and Syy, respectively.
Their cross spectral density is given by S̄xy. For a definition of the spectral densities see
Eqn. (1.18) on page 9. The two time series (x, y) are now in the frequency domain (x̃, ỹ) first
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multiplied by complex constants Ā and B̄ and then added, w̃ = Ā x̃+ B̄ ỹ. The PSD Sww of the
resulting signal w is given by [95]:

Sww =
∣∣Ā∣∣2 Sxx + |B̄|2 Syy +2ℜ

[
S̄xy Ā B̄∗

]
(2.19)

Here, ∗ notes the conjugate complex value. As discussed in section 1.3, especially see
Fig. 1.5(d) on page 10, imaginary parts of the spectral density SJV of the two noise sources
can be neglected at frequencies much smaller than the Josephson frequency. Combining
Eqns. (2.16)–(2.19) leads to the following expression for the noise temperature TN of the
SQUID:

TN =
1

4kB RL

{
SVV

∣∣∣∣∣ Z̄L + jω LIN
(
1+ k2 gJΦ

)
M GV Φ

∣∣∣∣∣
2

+SJJ |−jω M|2

+2SJV ℜ

[
jω M

(
Z̄L + jω LIN

(
1+ k2 gJΦ

)
M GV Φ

)]}
(2.20)

As one can see from the respective terms, the correlation between VN and JN only has
an influence if the two noises are added in-phase. Substituting the energy resolutions,
Eqns. (1.20)–(1.22) from page 11, and normalizing the connected input impedance Z̄L, one
gets:

z̄L =
Z̄L

ωLIN
=

XL

ωLIN

(
RL

XL
+ j
)

= xL (ω τL + j) (2.21)

TN =
1

2kB τL xL

{
εVV

k2

((
1+ k2 gJΦ + xL

)2
+(ω τL xL)2

)
+ k2

εJJ−2εJV
(
1+ k2 gJΦ + xL

)}
(2.22)

The introduced parameters are the normalized input reactance xL and the corresponding time
constant τL. With some calculation, Eqn. (2.22) can be brought into the following form:

TN =
1

2kB τL xL

{
εVV

k2

((
xL +1+ k2 gJΦ − k2 εJV

εVV

)2

+(ω τL xL)2

)
︸ ︷︷ ︸

additional noise

+k2 ε0
2

εVV︸ ︷︷ ︸
back-action noise

}
(2.23)

ε0 =
√

εVV εJJ− εJV 2 (2.24)

Strictly speaking, the labels for the back-action and the additional noise shown here are only
true for z̄FB = 0.

The noise temperature can now be minimized by first calculating ∂TN/∂xL = 0 and solving
for xL, and afterwards performing the same steps for τL. This results in a minimum achievable
noise temperature TN0 at an optimum normalized input impedance z̄L0 = Z̄L0/(ω LIN):

TN0 =
ω ε0

kB
(2.25)

z̄L0 =
Z̄L0

ω LIN
=

k2 ε0

εVV
+ j
(
−1− k2

(
gJΦ −

εJV

εVV

))
= ω τL0 xL0 + jxL0 (2.26)
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This resembles the results obtained in literature [59, 64, 93]. TN0 and ε0 were already
mentioned in the introduction, see Eqn. (1.28) on page 12. The general property of ampli-
fiers, that the perfect noise matching does not have to coincide with a perfect impedance
matching [95], also holds for SQUID amplifiers. Still, at least the imaginary part of the
perfectly noise-matched input impedance is quite close to the conjugate complex value of the
input impedance, as one can see from Eqn. (2.26). In case of a capacitive input impedance,
there is a difference between the optimum noise frequency and the resonance frequency
determined by gJΦ − εJV /εVV . This difference decreases for small coupling factors. Note
that the minimum noise temperature is independent of the coupling factor. ε0 can also be
expressed as

√
(1−ρJV 2)εVV εJJ where ρJV is the statistical correlation coefficient between

VN and JN with |ρJV | ≤ 1.

To illustrate the properties of Eqn. (2.23) in a better way, it can be expressed in the following,
for all types of amplifiers applicable [95], form:

TN

TN0
= 1+

εVV |z̄L− z̄L0|2

2k2 ε0 ω xL τL

= 1+
εVV

2k2 ε0 ω xL τL

∣∣∣∣ω τL xL− k2 ε0

εVV
+ j
(

xL +1+ k2 gJΦ − k2 εJV

εVV

)∣∣∣∣2
= 1+

εVV

2ε0

k2

ω xL τL

∣∣∣∣ω τL xL

k2 − ε0

εVV
+ j
(

xL +1
k2 +gJΦ −

εJV

εVV

)∣∣∣∣2 (2.27)

This equation describes circles of equivalent TN in the complex z̄L/k2 = Z̄L/(k2 ω LIN) plane
with TN dependent radii ε0

√
TN

2/TN0
2−1/εVV around the centers kB TN/(ω εVV )+ jxL0/k2.

Equation (2.27) is visualized in Fig. 2.3 for the standard SQUID approximation.

The analysis shown above emphasizes the importance of basically three parameters of the
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Figure 2.3: Noise temperature TN/TN0 in the complex Z̄L/(k2 ω LIN) plane, in (a) linear and (b) loga-
rithmic scale, as defined in Eqn. (2.27). For the only needed parameter εVV /ε0, the standard SQUID
approximation εVV /ε0 ≈ 3 for an optimized SQUID was used, see Eqns. (1.24)–(1.26) on page 11.
The shown circles are circles of equivalent noise temperature, the numbers indicated the multiples of
TN0 ≈ 3T ω LSQ/R. xL0 was subtracted from the imaginary part. Note that this picture is independent
of k2 and feedback effects modeled by Z̄FB.
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2.5. Readout of practical input impedances

SQUID that one needs to know. These parameters will play a role in the following section.
Besides the passive inductive properties k2, LIN and LSQ, the quantities of interest are:

• The additional energy resolution εVV defines the increase in noise temperature for an
unmatched input impedance z̄L 6= z̄L0.

• ε0 defines the minimum reachable noise temperature for z̄L = z̄L0. Alternatively, the
effective back-action noise term ε0

2/εVV = εJJ− εJV
2/εVV can be used.

• The term gJΦ−εJV /εVV describes the difference between the optimum input reactance
compared to the conjugate complex impedance of the geometric inductance of the
SQUID −jω LIN .

The actual frequency dependent noise properties and the total frequency response are strongly
dependent on the connected input input impedance z̄L. This will be investigated in more
detail in the following section.

2.5 Readout of practical input impedances
In the last section, the noise temperature was determined. This parameter is of course not
directly accessible in a typical measurement. Therefore, we calculated the actually measured
flux noise. With Eqns. (2.13), (2.16), (2.17), (2.21) and (2.23) one can express the PSD SΦ ,M

of the measured flux Φ̄M referred to the SQUID as:

SΦ ,M =
4kB (T +TN)xL τL M2

LIN |z̄L + z̄IN |2
(2.28)

In this section, we want to analyze the noise temperature as well as the practical performance
of a SQUID amplifier system with three basic input impedances, see Fig. 2.4.

As a practical note, we want to emphasize at this point that superconducting transformers
can be used to match a given impedance to the noise-optimum impedance of the SQUID
amplifier.

2.5.1 Resistance

Applying the results of the last section, we now connect a simple resistor to the SQUID system
z̄L = RL/(ω LIN) = 1/(ω τR). Because there is no input reactance, the definition of the

RL LP/τP

LP

RLCL

(a) (b) (c)

Figure 2.4: Schematic of the basic three input impedances investigated here. This includes (a) a
resistance (b) an inductive input circuit, for example a pickup-coil, and (c) a lossy capacitive input
circuit.
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Chapter 2. Low noise utilization of dc-SQUID amplifiers

normalized input impedance, see Eqn. (2.21), now has to be adapted with ωτLxL = 1/(ω τR)
in the limit xL→ 0. Using this with Eqn. (2.23) leads to:

TN =
1

2kB τR

εVV

k2

{
1+ω

2
τR

2
(

1+ k2 gJΦ − k2 εJV

εVV

)2

︸ ︷︷ ︸
additional noise

+k4
ω

2
τR

2 ε0
2

εVV 2︸ ︷︷ ︸
back-action noise

}
(2.29)

At low frequencies, the noise temperature is determined by the coupled energy resolution
εVV /k2, there is no interaction between the SQUID and the input impedance.

At high frequencies ω τR � 1 the noise temperature scales with ω2 caused by both
the additional and the back-action noise. The former is caused by the growing impedance
mismatch from z̄L0 due to the missing input reactance. In other words, the input voltage V̄L

is low-pass filtered by the resistance and the input inductance of the SQUID. The latter is
caused by the induced voltages in the input loop, which naturally increase with the frequency.
The exact knee frequency between the low and high frequency limit is determined by another
time constant τN that naturally depends on τR, the back-action, and the optimum input
reactance of the SQUID:

TN =
1

2kB τR

εVV

k2

(
1+ω

2
τN

2)
τN = τR

√(
1+ k2 gJΦ − k2 εJV

εVV

)2

+
(

k2 ε0

εVV

)2

(2.30)

Note that the resistive input impedance is basically a short at the Josephson frequency. The
altered SQUID dynamics should be therefore taken into account in all noise and small-signal
parameters, see section 2.1.

The measured flux noise reads with Eqn. (2.28):

SΦ ,M =
4kB (T +TN)xL τL M2LIN

−1

|z̄L + z̄IN |2

=
4kB T M2 RL

−1 +SΦ ,VV
(
1+ω2 τN

2
)

|1+ω2 τR τFB `FB + jω τR (1+ k2gJΦ + `FB)|2
(2.31)

≈
4kB T M2 RL

−1 +SΦ ,VV
(
1+ω2 τN

2
)

1+ω2 τR2 (1+ k2 gJΦ + `FB)2 (2.32)

Here, we re-introduced the additional flux noise PSD SΦ ,VV of the SQUID. This noise is
usually directly measured for an autonomous SQUID in FLL, see Eqn. (1.19) on page 9. For
the approximate expression, we again used ω τFB� 1.

In FLL, the measured noise becomes with Eqn. (2.15), with negligible feedback via the
output reactance and with ω τFLL� 1:

SΦ ,M,FLL ≈
4kB T M2 RL

−1 +SΦ ,VV
(
1+ω2 τN

2
)

1+ω2 τR2
(
1− k kFB,IN kFB,SQ

−1)2 (2.33)

One can see that the additional flux noise PSD SΦ ,VV is added to thermal noise of the
resistance. At higher frequencies, back-action noise starts to contribute, the corner frequency
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2.5. Readout of practical input impedances

is characterized by τN .
The sum of these noise contributions is low-pass filtered due to the resistive and inductive

impedance in the input loop. The corner frequency of this low-pass filter is characterized
by the time constant τR

(
1− k kFB,IN kFB,SQ

−1), see the denominator in Eqn. (2.33). The
additional factor originates in the effective change of the input inductance of the SQUID due
to the FLL operation.

Experimental possibilities

The resistive input impedance obviously does not allow an operation at the minimum noise
temperature. Nevertheless, it has some interesting properties. From the measured flux noise
at low frequencies one can determine the temperature of the electron system in the resistor, if
the mutual inductance M and the input resistance are known. This will be used in chapter 4.

Furthermore, it can be useful regarding the characterization of SQUIDs. With a known
mutual inductance M and the known temperature, one can directly measure the value of
the resistance from the measured flux noise at low frequencies. From the total frequency
response of the system, one can get information about the inductances involved.

We will leave the small-signal analysis for a moment. Suppose, we have a SQUID with
known M and an attached input resistance RL that can be operated in direct readout and in
FLL. If one modulates the feedback coil in direct readout with a known current at a frequency
ω τR� 1, one can determine the mutual inductance MFB,SQ from the voltage oscillations of
the SQUID with period Φ0. At these low frequencies the input of the SQUID is effectively
open. If one now conducts the same measurement at a much higher frequency ωτR� 1,
one measures a different value. At these high frequencies the input resistance is negligible
compared to the effective input inductance of the SQUID LIN

(
1+ k2 gJΦ + `FB

)
and thus

flux is not only directly coupled to the SQUID, it is also coupled via MFB,IN and the input
loop:

MFB,SQ
′ = MFB,SQ−

M MFB,IN

LIN
= MFB,SQ

(
1−

k kFB,IN

kFB,SQ

)
(ωτR� 1) (2.34)

Note that we chose M and MFB,SQ to be positive. The gJΦ terms make no difference for the
high frequency measurement, because

∫
gJΦ dΦE is zero if integrated over exactly one Φ0.

This fits to the determination of the mutual inductance by comparing working points that
differ by multiples of Φ0. The measured flux noise in FLL, Eqn. (2.33), now reads:

SΦ ,M,FLL ≈
4kB T M2 RL

−1 +SΦ ,VV
(
1+ω2 τN

2
)

1+
(
ω LIN MFB,SQ

′MFB,SQ
−1 RL

−1
)2 (2.35)

If the resistance is now chosen small enough, the amplifier noise can be neglected over a
wide frequency range. As said before, with the known temperature the exact value of RL

can be derived from the measured SΦ ,M,FLL at low frequencies. The corner frequency of
the thermal noise contribution allows one to determine the geometric input inductance of
the SQUID LIN , where one has to use the ratio of the feedback mutual inductance at low
and high frequencies MFB,SQ

′/MFB,SQ, see the denominator in Eqn. (2.35). MFB,IN can now
be easily determined from Eqn. (2.34). With the determined values of LIN and M, one can
calculate the coupled energy resolution εVV /k2 = SΦ ,VV LIN/(2M2).
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Chapter 2. Low noise utilization of dc-SQUID amplifiers

There are other interesting properties of this measurement. First, if the coupling between
feedback and input coil MFB,IN is mainly caused within the SQUID layout, this measurement
can be used as a calibration measurement. In this case MFB,IN will not be changed when the
input impedance is replaced. The comparison of the effective mutual feedback inductance
at high frequencies MFB,SQ

′ to its small frequency value MFB,SQ gives an information about
the sign of this coupling. If the mutual inductance is mainly caused by coupling to the
same SQUID washer, MFB,IN will be positive, which caused MFB,SQ

′ to be smaller than the
low frequency value MFB,SQ. In this case the virtual resistance generated by the FLL, see
Eqn. (2.15), will be negative and can cause instabilities with a capacitive impedance. This
can be compensated by adding a small inductance in series to the input coil which is also
coupled to the feedback current but with a negative sign [94]. This measure works if MFB,SQ

′

gets larger than the low frequency value MFB,SQ. Note that this test can also be done with a
connected and known capacitance.

In case the influence of the SQUID noise cannot be neglected, for example if the
temperature T is low, one can determine SΦ ,VV and τN via a fit of Eqn. (2.35). τN now
gives some information about the back-action and the mismatch term. Still, this approach is
not useful to determine the SQUID noise parameters because it is hard to distinguish between
the back-action term and the term characterizing the shift in optimum input reactance.

2.5.2 Pickup coil

An interesting property of the pickup coil is that it mismatches the SQUID optimum input
impedance z̄L0 because of the missing real part. In accordance to reference [59], we model
a pickup coil as shown in Fig. 2.4(b). The pickup inductance LP is shunted by a resistance
LP/τP which models the thermal noise of an external source. τP can only take positive values.
The resistance is chosen much larger than the impedance of the pickup loop in the interesting
frequency range, thus ωτP� 1. The normalized input impedance can be expressed as:

z̄L = Z̄L
/
(ω LIN) = m(ω τP + j) (2.36)

m =
LP

LIN
(2.37)

Here, we defined the dimensionless inductance ratio m. Using this with Eqn. (2.27) leads to:

TN =
ω ε0

kB
+

εVV

2k2 kB τP m
|m(ω τP + j)− z̄L0|2 (2.38)

For this input impedance it is useful to express the noise properties as an energy resolution εP

referred to the pickup coil. This is done by expressing the flux noise in the pickup coil via the
equivalent voltage noise on the input, which is naturally represented by TN . In combination
with Eqn. (2.38) and the limit ωτP� 1, one gets:

εP =
4kB TN RL

2LP ω2 = 2kB TN τP =
εVV

k2 m
| jm− z̄L0|2

=
εVV

k2 m

(
m+1+ k2 gJΦ − k2 εJV

εVV

)2

︸ ︷︷ ︸
additional noise

+
k2 ε0

2

mεVV︸ ︷︷ ︸
back-action noise

(2.39)
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2.5. Readout of practical input impedances

The minimum noise temperature is not reached because of the mismatch to the optimum
input impedance z̄L0 due to the missing input resistance. The minimum εP can again be
calculated via ∂εP/∂m = 0. This leads to a minimum energy resolution εP0 at the optimum
inductance m0:

m0 = |z̄L0|=
√(

1+ k2gJΦ − k2 εJV
/

εVV
)2 +

(
k2 ε0

/
εVV

)2 (2.40)

εP0 = 2
(
m0 +1+ k2 gJΦ − k2

εJV
/

εVV
)

εVV /k2 (2.41)

This result is in agreement with literature [59, 64, 96]. Also in this case, the current noise JN

and the correlation have to be taken into account to choose the perfect value for LP.

The measured flux noise PSD reads with Eqn. (2.28) and ωτP� 1:

SΦ ,M =
2εP mM2

LIN | jm+ z̄IN |2
=

2εVV M2

k2 LIN

| jm− z̄L0|2

| jm+ z̄IN |2
= SΦ ,VV

| jm− z̄L0|2

| jm+ z̄IN |2

= SΦ ,VV

∣∣k2 ε0/εVV + j
(
m+1+ k2 gJΦ − k2 εJV /εVV

)∣∣2
|ω τFB `FB + j (m+1+ k2 gJΦ + `FB)|2

(2.42)

In FLL, the measured noise becomes with Eqn. (2.15) and with negligible feedback via the
output reactance, ωτFLL� 1 and `FB� 1+m:

SΦ ,M,FLL = SΦ ,VV

(
k2 ε0/εVV

)2 +
(
m+1+ k2 gJΦ − k2 εJV /εVV

)2(
m+1− k kFB,IN kFB,SQ

−1)2 (2.43)

Experimental possibilities

The above results can be used for the correct dimensioning of an external pickup coil of
a magnetometer. In practice, see Eqn. (2.40), this inductance is typically in the order of
the input inductance of the SQUID. For an exact optimization, the back-action and the
correlation terms are important [59, 64].

Also regarding the characterization of SQUIDs, there are some interesting properties. If one
has a configuration with a small parasitic coupling between the feedback and the input coil∣∣k kFB,IN kFB,SQ

−1
∣∣� m+1 one gets:

SΦ ,M,FLL = SΦ ,VV

(
k2 ε0/εVV

)2 +
(
m+1+ k2 gJΦ − k2 εJV /εVV

)2

(m+1)2

= SΦ ,VV

(
1+2k2 gJΦ − εJV /εVV

m+1
+ k4 (ε0/εVV )2 +(gJΦ − εJV /εVV )2

(m+1)2

)
(2.44)

This equation suggests a novel way to characterize the complete noise properties of a SQUID.
A changeable pickup coil LP and thus a changeable m allows to fit the three interesting
noise parameters of the SQUID. This could for example be done by connecting the input
inductance of an unbiased SQUID of the same kind with a variable external flux applied via
its feedback coil. Of course, the screening of the SQUID inductance LSQ should be taken
into account here, which can also change the SQUID parameters. Therefore, some minimum
value of m should be obtained.
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Chapter 2. Low noise utilization of dc-SQUID amplifiers

Note that with a known coupling between the feedback and the input coil MFB,IN , see the last
section for the experimental determination, also Eqn. (2.43) could be used to fit the complete
noise properties.

With a known capacitor in series to the changeable inductor, the measurement of m
is possible by measuring the resonance frequency. The flux noise SΦ ,M,FLL far above the
resonance corresponds to the case of a connected inductance. The exact properties of this
configuration will be treated in the next section.

2.5.3 Capacitive input impedance

Now we will take a look at the most interesting input impedance, the capacitive impedance.
From the results of section 2.4, one could see that the optimum input impedance for the
SQUID z̄L0 has a negative imaginary part. Defining the passive resonance frequency ωL

between LIN and CL and the quality factor QL of this resonance, the normalized input
impedance reads with Fig. 2.4(c):

z̄L =
Z̄L

ω LIN
=

ωL

ω QL
− j

ωL
2

ω2 = xL (ω τL + j) (2.45)

ωL =
1√

LIN CL
QL =

1
RL

√
LIN

CL
(2.46)

Note that for small dissipation QL� 1, the schematic shown in Fig. 2.4(c) can be replaced
by a parallel connection of a capacitance and a resistance. Furthermore, the input impedance
is basically a short at high frequencies and could change the behavior of the SQUID which
should be taken into account in all noise and small-signal parameters, see section 2.1.

The noise temperature reads with Eqn. (2.23):

TN =
εVV ωL

2kB

{
1

k2 QL
+

QL

k2

(
−ωL

ω
+

ω

ωL

(
1+ k2 gJΦ − k2 εJV

εVV

))2

︸ ︷︷ ︸
additional noise

+ k2 QL

(
ω

ωL

ε0

εVV

)2

︸ ︷︷ ︸
back-action noise

}
(2.47)

The global minimum of the noise temperature TN0, see Eqn. (2.25), can be found by first
setting the frequency dependent term of the additional noise to zero, which gives the optimum
frequency ω0. This corresponds to xL = xL0. The optimum quality factor QL0 is found by
minimizing the resulting expression.

TN0 =
ω0 ε0

kB
(2.48)

ω0 = ωL

(
1+ k2 gJΦ − k2 εJV

εVV

)−1/2

≈ ωL (2.49)

QL0 =
1
k2

εVV

ε0

ωL

ω0
=

1
k2

εVV

ε0

√
1+ k2 gJΦ − k2 εJV

εVV
≈ 3

k2 (2.50)
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Regarding our assumptions, this resembles the results from literature [59, 64, 96–98]. The
given approximate expressions are based on the standard SQUID approximations, see
Eqns. (1.24)–(1.26), with neglected shift in the optimum input reactance. Note that TN0 is
now fixed to one frequency and that it is independent of the coupling factor k. One interesting
result is that if one wants to reach the minimum noise temperature with a high quality factor
capacitor, the coupling factor should be chosen is much smaller than 1, see Eqn. (2.50). With
perfect coupling k = 1, the optimum quality factor for a standard SQUID is QL0 ≈ 3.

In Fig. 2.5, a plot of Eqn. (2.47) is shown which illustrates the noise temperature for varying
coupling k and quality factor QL. From Fig. 2.5(a) one can see that for a high quality factor
QL � 1 which is optimally matched with k2 � 1, see Eqn. (2.50), the minimum noise
temperature TN0 is reached. Nevertheless, it is only read out efficiently over a very narrow
bandwidth.

In case the ambient temperature of the input circuit and thus the noise temperature
of interest is much higher than TN0, this bandwidth can be extended by increasing the
coupling factor [96], as illustrated in Fig. 2.5(b). This is typical for most audio frequency
applications, if the SQUID and the input circuit are operated at the same temperature. With
Eqns. (1.24)–(1.26) from page 11 and a SQUID with LSQ = 200 pH and R = 5 Ω, the ratio
TN0/T approximately reads ω0 ·10−10 s.

To determine the bandwidth, where the noise temperature TN is smaller than the tempera-
ture T of the input circuit, Eqn. (2.47) can be brought into the following form:

TN =
ωLεVV QL

2kB k2

{
1

QL
2 −2

(
1+ k2 gJΦ − k2 εJV

εVV

)
+

ωL
2

ωM2

(
ϑM

2 +2
)}

(2.51)

ϑM =
ω

ωM
− ωM

ω
ωM = ωL

{(
k2 ε0

εVV

)2

+
(

1+ k2 gJΦ − k2 εJV

εVV

)2
}−1/4

(2.52)

100

101

102

103

104

105

0.1 1 10
ω/ω0

T N
/T

N
0

101

102

103

104

105

106

0.1 1 10
ω/ω0

100

T N
/T

N
0

106

k2 = min [1,3/QL]

(b)(a)

102

QL
= 1

10

102

103

QL
= 1 (k

2 = 1)

QL
= 10

10
3

k2 = 1

Figure 2.5: Noise temperature TN/TN0 versus frequency, according to Eqn. (2.47). The standard
SQUID approximation QL0

2 ≈ 3/k2 was used and the frequency shift was neglected ω0 ≈ ωL. (a) The
noise temperature with varying QL which was also set to QL0 by varying the coupling factor. Note
that for QL = 1, QL0 and TN0 cannot be reached because k ≤ 1. (b) The same plot but with fixed
perfect coupling k2 = 1. The figure illustrates how a higher coupling factor k2 > 3/QL can increase the
bandwidth at noise temperatures TN � TN0.
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Here, the frequency ωM of the minimum noise temperature at a non-optimum quality factor
and the corresponding detuning ϑM were introduced.

The bandwidth B with values of noise temperature TN ≤ T and normalized to the ordinary
frequency is now given by:

B =
ωM

2π
|ϑM|=

ωM

2π

√
ωM2

ωL2

{
2kB T k2

ωL εVV QL
− 1

QL
2 +2

(
1+ k2 gJΦ − k2 εJV

εVV

)}
−2 (2.53)

The upper fUPP and lower fLOW frequencies, where TN = T , are given by:

fLOW =

√(
ωM

2π

)2

+
(

B
2

)2

− B
2

fUPP =

√(
ωM

2π

)2

+
(

B
2

)2

+
B
2

(2.54)

These quite complicated expression give some idea about the influence of the different noise
parameters. The larger part of the bandwidth is above ωM , see the logarithmic frequency
scale in Fig. 2.5. From Eqn. (2.53), it becomes obvious that if one wants to reach a high
bandwidth at a comparably high temperature T/TN0� 1, a low coupled energy resolution
εVV /k2 is the most important parameter. The back-action and the shift in optimum input
reactance are of secondary importance. In practice, these parameters can be neglected quite
often, for example for k2� 1. In this case the bandwidth reads:

B≈ ωL

2π

√
2kB T k2

ωL εVV QL
− 1

QL
2 (2.55)

For a quality factor QL = 106, k2 = 0.5, ωL = 2π · 3 kHz and a standard SQUID with
LSQ = 200 pH and R = 5 Ω the bandwidth yields ≈ 1.2 kHz, see Eqn. (1.24) on page 11.

The measured flux noise PSD in an experiment yields with Eqns. (2.28) and (2.47):

SΦ ,M =
1

|z̄L + z̄IN |2
4kB (T +TN) ωL M2

ω2 QL LIN

=
∣∣∣∣ 1
QL

+
ω2 τFB `FB

ωL
+ j

ωL

ωR

(
ω

ωR
− ωR

ω

)∣∣∣∣−2

·

{
4kB T M2

ωL QL LIN
+SΦ ,VV

(
1

QL
2 +

(
ωL

ω0

)2(
ω

ω0
− ω0

ω

)2

+ k4
(

ω

ωL

ε0

εVV

)2
)}

(2.56)

ωR =
ωL√

1+ k2 gJΦ + `FB
(2.57)

Here, the actual resonance frequency ωR of the system in a measurement with possible
feedback effects is of importance. At this frequency, also the thermal noise term originating
from the resistive part of the input circuit has the strongest influence. Equation (2.56) will
be used for the verification of the assumptions of this chapter in a direct readout numerical
experiment in chapter 3, section 3.4.

Note that at frequencies much above the effective bandwidth ω � 2π fUPP the SQUID
is basically shortcut. Here, the measured flux noise is the same as in the case of the pickup
loop with m = 0, see Eqns. (2.42)–(2.44). For the capacitive input impedance we did not
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directly include an additional inductive part for simplicity, but this can be included easily by
adapting the coupling factor k2 = M2/(LT LSQ). Here, LT is the total geometric inductance
in the input circuit.

The measured flux noise at frequencies much below the effective bandwidth ω� 2π fLOW

is with Eqn. (2.56) the additional flux noise PSD SΦ ,VV . Accordingly, in this case the input
of the SQUID is effectively open.

In FLL operation, the measured flux noise PSD yields:
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(2.58)

ωR = ωL

(
1−

k kFB,IN

kFB,SQ

)−1/2

(2.59)

Stability

For a stable operation, the real part of the total impedance in the input loop ℜ [z̄L + z̄IN ] has
to be positive at its resonance frequency ωR. With Eqn. (2.15), this leads to the following
stability criterion:

1
QL

>− ωL τFB `FB

1+ k2 gJΦ + `FB

Flux-locked loop:
1

QL
' ωLτFLL

(
k2 gJΦ +

k kFB,IN

kFB,SQ

)(
1−

k kFB,IN

kFB,SQ

)−1

(2.60)

In case the quality factor is large, it is no easy task to fulfill this requirement. In case the FLL
cannot be made very fast, attention has to be paid that the coupling between the feedback and
the signal coil kFB,IN is negative and of large value compared to the term including gJΦ . As
mentioned in section 2.5.1, this can be compensated by adding a small inductance in series
to the input coil which is also coupled to the feedback current, only with a negative sign [94].

Another measure to generate this needed positive feedback should also be mentioned
here—the “cold damping” scheme [99]. In this configuration, a fraction of the feedback
current is sent in the right direction through a series connection of a capacitor and the input
coil. Here, the capacitor causes the damping phase change. This scheme basically does not
alter any of the noise analysis done before, although it leads to a different total frequency
response.

Experimental possibilities

In general, regarding the noise properties the capacitive input impedance is the most interest-
ing. The compensation of the inductive input impedance allows to reach the lowest possible
noise temperature TN0 in a big variety of possible measurements. On the downside, one is
limiting the bandwidth. Such configurations can for example be used for even more sensitive
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Chapter 2. Low noise utilization of dc-SQUID amplifiers

magnetometers [59, 64]. The readout of a gravitational wave antenna as shown in section 1.5
on page 16 is another perfect application for this type of measurement.

Regarding the determination of SQUID parameters, the capacitive impedance can be
used to fit all important noise contributions. The measurement method described in the end
of section 2.5.2 can also be applied in this case. The advantage here is that with a known
capacitance CL, the input inductance m can be measured from the resonance frequency with
the known influence of the feedback. Although m is not directly present in this section, we
did not model an additional inductive part, it can be simply modeled by an increased LIN

with a lower coupling factor k.
For a known capacitance CL, the measurement of the coupling inductances in FLL can

directly be performed in the same way as introduced in the end of section 2.5.1. The simple
test for a growing or falling mutual feedback inductance between low frequencies MFB,SQ and
frequencies much higher than the resonance frequency MFB,SQ

′ can directly be performed.
If the mutual feedback inductance gets smaller above the resonance, the FLL most likely
causes instabilities.

To determine the parameters of the SQUID, a measurement on a high quality factor
capacitor can be used, see for example reference [20]. In the limit of a high thermal noise,
ωR can be determined from the peak frequency. In case feedback mechanisms are well
characterized, the measured flux noise PSD can be fit to Eqns. (2.56) or (2.58) to determine
all parameters.

2.6 Conclusions
In a small-signal analysis, we studied the practical frequency response and sensitivity proper-
ties of SQUID systems operated in a direct readout and in flux-locked loop operation.

In section 2.1 we introduced our basic assumptions about the SQUID dynamics under the
influence of the input circuit. We assume that the small-signal and noise parameters of the
SQUID at low frequencies are sufficient to describe the performance. Which mechanism is
influencing the SQUID dynamics at the Josephson frequency is ignored at first. This is in
contradiction to some publications that postulate new features in the influence of back-action
noise [74, 92, 93]. In the following chapter, this assumption will be tested in a numerical
experiment on a SQUID operated with a strongly coupled capacitive input circuit.

In section 2.2, we show a small-signal analysis of the SQUID amplifier with a general
input impedance connected to its input inductance. We derive expressions for the frequency
response and the influence of noise contributions caused by the SQUID amplifier. We
included many practical aspects that play a role in typical low-frequency measurements. We
incorporate the influence of the small-signal and noise parameters of the SQUID, the loading
of the SQUID via a connected output circuit and a possible FLL operation. Furthermore, we
include parasitic mutual inductances that can be of importance in a practical measurement.

In section 2.3, we investigate the influence of feedback effects on the input impedance of
the amplifier system. These feedback effects are caused by a loading of the amplifier via
the connected output circuit or by a possible employed FLL operation. We give a possible
explanation for measured resistive parts of the input impedance of SQUIDs operated in
direct readout [65, 66]. Here, much higher input resistances were observed than could be
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explained by theory. According to our model, the loading of the SQUID by a complex output
impedance generates resistive input impedances via the reverse transfer function GJI of the
SQUID and possible parasitic mutual inductances. In practice, there are usually much larger
time constants connected to an output circuit compared to the timescale of the Josephson
oscillations. Therefore, much higher virtual input resistances could be generated. In a
two-stage SQUID setup, where the output load of the first stage SQUID is practically purely
inductive, even larger virtual input resistances can be generated. Furthermore, we discuss the
influence of the FLL on the input impedance. This is especially used in section 2.5.

In section 2.4, we derive a general description of the equivalent input noise temperature of
the SQUID amplifier system. Feedback effects, caused by the output loading of the SQUID
or the FLL operation, have no influence here. Although these effects change the frequency
response of the system and directly inject additional noise of the SQUID in the input circuit,
they do not alter the signal-to-noise ratio. We derive the SQUID equivalent input noise
temperature and express it in a general form which is independent of the connected input
circuit. This forms the basis for our investigations of SQUIDs in chapter 3.

One can define basically three parameters that describe the noise performance. First of all,
the additional noise energy resolution εVV describes the noise performance if a non-optimum
input impedance is connected. If the optimum input impedance is coupled, the minimum
noise temperature is expressed by ε0, see Eqn. (2.24). This, or the effective back-action term
ε0

2/εVV = εJJ− εJV
2/εVV is the second needed parameter. The optimum input resistance,

or quality factor of the input circuit, is expressed by a combination of the two just mentioned
parameters. The optimum input reactance is on the other hand influenced by the correlation
between back-action and additional noise and by the dynamic inductance of the SQUID.
This is expressed by the third term gJΦ − εJV /εVV . It describes the difference between the
optimum input reactance compared to the conjugate complex impedance of the geometric
inductance of the SQUID −jωLIN .

In the final section 2.5 of this chapter, we investigate the performance of three practical
passive input circuits. We derive expressions for the noise temperature for each of the input
impedances. The found expressions resemble expressions known from literature. For the
capacitive input circuit, we find a new analytical expression for the achievable bandwidth.
Here, the coupled energy resolution εVV /k2 of the SQUID amplifier is of importance for most
low-frequency applications. For the readout of MiniGRAIL, a high bandwidth is required
and accordingly, the coupled energy resolution will be used as an optimization criterion in
our developed SQUID sensors in chapter 5.

Furthermore, we calculate practical measured noise spectra in a direct readout operation
as well as in FLL operation of the SQUID amplifier connected to the basic input circuits.
This led us to new experimental possibilities. For the case of a variable inductive input circuit,
which can be for example achieved by a superconducting Josephson circuit, we present a new
approach to determine the three important parameters of the SQUID as mentioned above.

For the resistive and capacitive input circuit, we develop a measurement technique to
characterize the parasitic mutual inductance between the feedback coil and the input circuit.
This coupling is present in most SQUID layouts and has an influence on the frequency
response of SQUIDs operated in FLL. The stability with a capacitive input circuit is
discussed under this perspective.
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Chapter 2. Low noise utilization of dc-SQUID amplifiers

The exact measurement of this parasitic mutual inductance is therefore important for
the readout of MiniGRAIL with the capacitive transducer, see section 1.5. In chapter 5,
we therefore designed SQUIDs with a special layout that suppresses the parasitic coupling
between the feedback and the signal coil. Furthermore, we used the mentioned measurement
technique to determine the value of the geometric input inductance of one of our SQUID
sensors.

The derived expressions for the measured noise spectra with a strongly coupled capac-
itance could, in combination with the introduced characterization of the parasitic mutual
inductance, be used to determine the noise temperature of SQUID amplifiers in the sense of
experiments from references [20, 98, 98, 100].

The basis for the analysis presented in this chapter were the small-signal and noise parameters
of the SQUID. In the following chapter 3, we will numerically investigate these properties
with the focus on an optimized SQUID design and operation.
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Chapter 3

Numerical optimization of
dc-SQUID amplifiers

In this chapter, we will investigate the properties of dc-SQUIDs in more detail. The analysis
shown in chapter 2 is based on the small-signal and noise parameters of the SQUID. For a
given set of these parameters, we investigated the frequency response and the signal-to-noise
ratio of a SQUID-based system for the readout of an arbitrary input circuit.

The purpose of this chapter is to quantitatively study the achievable performance in
the design and operation of SQUID amplifiers. We therefore focus on the one hand on an
optimization regarding the minimum achievable additional noise of the amplifier, which is
represented by the additional energy resolution εVV . This is of importance in most practical
applications. On the other hand, we investigate the minimum achievable equivalent input
noise temperature, which is represented by ε0. This can be of importance in some applications,
see for example the capacitive input circuit treated in section 2.5.3 on page 34. There are
two studies available in literature that investigate the complete noise properties, including
the back-action contribution, of the standard SQUID amplifier. Tesche et al. numerically
determined these properties for the case of a standard SQUID with a screening parameter
βL = 1 [63]. In the now almost forgotten work of Danilov et al. [16, 59] the SQUID
dynamics were calculated by analytical approximations in two opposing ranges βL� 1 and
βL� 1. We here investigate the properties of the standard SQUID in more detail and we
will furthermore extend our investigations to other types of SQUIDs.

In section 3.1, we introduce our approach for simulating the performance of the SQUID
models. On the basis of the circuit simulator JSIM, we developed a system for the char-
acterization of SQUID amplifiers. Here, the behavior of the SQUID is simulated and all
interesting properties can be extracted in the sense of a numerical experiment. In the rest
of this chapter, we use the flexibility of the system to characterize a few basic models of
SQUIDs. Furthermore, this will be used in chapter 5 to simulate the behavior of models of
practical SQUIDs.

In section 3.2, we investigate the performance of typical SQUID designs in the limit of an
overdamped Josephson junction. On the one hand we characterize standard SQUIDs and
on the other hand SQUIDs with a resistively shunted inductance. The main parameters that
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Chapter 3. Numerical optimization of dc-SQUID amplifiers

are varied are the screening parameter βL and the working point of the SQUID. First we
discuss characteristics, small-signal and noise parameters of a few exemplary SQUIDs. For
each of these SQUIDs, we determine the working points exhibiting the best sensitivity in the
sense of the minimum additional noise εVV and the minimum achievable noise temperature
ε0 as mentioned above. The broad range of extracted properties is, where possible, compared
with numerical and analytical results known from literature. Here, we usually find a good
agreement.

Then we summarize the interesting properties in the optimum points of sensitivity for
all the simulations with varying values of βL. The results give a very broad insight into the
practical performance. First of all, the optimum working range is of importance. We show
that there can be large differences between the working ranges that show the best additional
noise εVV and the points that show the minimum achievable noise temperature, represented
by ε0. The latter is hard to determine in an experiment, the results of our simulations give an
overview of working ranges one should choose. Secondly, the optimum input impedance to
achieve the best noise temperature is of interest. As we showed in chapter 2, see especially
section 2.4 on page 25, the optimum imaginary and real part of the connected input impedance
is dependent on the small-signal and noise parameters of the SQUID in a given working point.
This gives information on for example the optimum quality factor of a coupled capacitive
impedance or the frequency where the optimum noise temperature is reached. Thirdly, we
compare the reachable sensitivity for the variety of SQUID sensors and values of βL.

In the last part of section 3.2, we discuss the practical optimization of a SQUID design
regarding the choice of the screening parameter βL. Under circumstances given by the type
of the SQUID design or the fabrication technology, the Stewart-McCumber parameter βC is
qualitatively included in the optimization of the SQUID design.

In section 3.3, we focus on washer type SQUIDs with an integrated coil in the limit of a
large total length of the windings. Here, the fundamental resonance of the coil lies below the
Josephson frequency, the frequency of the SQUID dynamics. This is the practical case for
many SQUID designs that require a much larger input inductance compared to the SQUID
inductance. Also the SQUIDs that will be shown in chapter 5 are of this type.

First we give an overview of the electromagnetic properties of the washer structure
with an integrated coil. In the limit of a long coil, the SQUID inductance is effectively
lowered at the Josephson frequency. This is used in a simplified model to study important
properties in this configuration. First we investigate new features in the characteristics.
This includes hysteretic working ranges that cannot be avoided and have to be taken into
account for both the design and the operation of practical SQUIDs with a long integrated
coil. Furthermore, we present a similar numerical study as presented in section 3.2. Again
we vary the screening parameter βL, only this time with a lowered effective inductance
at the Josephson frequency. The results are compared to the performance of the standard
SQUIDs as presented in section 3.2. The simplified model of the washer type SQUID with a
long integrated coil shows differences especially in the optimum working range and in the
reachable sensitivity. This fact gives important information on the expected performance of
real devices as the ones shown in chapter 5. We conclude with a discussion on the practical
implications of the gained insights on both the design and the operation of such sensors.

In the last section 3.4 of this chapter, we perform a numerical experiment on a standard
SQUID operated with a strongly coupled capacitive impedance. This turns out to be very

42



3.1. Numerical characterization of SQUIDs using JSIM

similar to the SQUID with a long integrated input coil. Also here, the SQUID inductance is
effectively lowered at the Josephson frequency. For some exemplary SQUIDs, we determine
the voltage noise spectra in their working point of minimum reachable noise temperature.
The spectra are compared with theoretical expressions from chapter 2 using the properties
of the SQUIDs from section 3.3. By varying the quality factors of the capacitive input
circuit, we change the influence of both additional noise and back-action noise of the SQUID
amplifier. The simulated spectra are well approximated by the analytical expressions and we
therefore conclude that the basic assumptions of chapter 2 are applicable.

3.1 Numerical characterization of SQUIDs using JSIM
A standard SQUID within the RCSJ model is described by the Langevin Eqns. (1.13) as
shown on page 7. Typically, this system of nonlinear differential equations is directly
integrated numerically [57, 61, 63]. In this chapter as well as in chapter 5, we investigate
the dynamics of SQUID models with increasing complexity. We therefore chose software
that is dedicated for the simulation of electrical circuits. This approach is more flexible
regarding the investigated model and allows simplifications in the determination of the
extracted parameters for our quantitative study.

The approach can be understood as conducting numerical experiments on the SQUID
model under investigation. In this experiment, we excite the SQUID with a small varying
external flux. The effect of this excitation on the output voltage V and the circulating current
J is used to determine the small signal parameters GV Φ and GJΦ , see Eqn. (1.15) on page 9.
Furthermore, we extract the noise PSD of both the output voltage of the SQUID SVV and the
circulating current SJJ as well as their cross spectral density SJV , see Eqn. (1.18) on page 9.
These properties can be used to characterize the sensitivity of the SQUID amplifier with
an arbitrary connected input circuit, see section 2.4 on page 25. Details on the simulation
approach are given in the current section.

We used the software JSIM [45], a SPICE-based circuit simulator including the RCSJ model
of Josephson junctions. The extension with noise sources [46] allows to model the thermal
noise of resistances. The setup used to characterize SQUIDs within JSIM is schematically
shown in Fig. 3.1. The SQUID is biased at the desired bias current I and external flux ΦE .
Noise sources are used on the one hand to model the Nyquist noise of the shunt resistances
and on the other hand to generate the small random excitation of the external flux, as will be
explained in more detail below.

The voltage V and the circulating current J are low-pass filtered using auxiliary circuits
as indicated in Fig. 3.1. All low-pass filters have the same corner frequency fOut. They
restrict the signal to the low frequency white noise spectrum, see Fig. 1.5 on page 10. To
achieve this, the time constant of the readout is chosen larger than the largest time constant
of the sensor. The value of fOut is a tradeoff between the minimum Josephson frequency of a
SQUID one can characterize and the required calculation time. If the SQUID is oscillating
at a frequency V/Φ0 . fOut, the low-pass filter measures the oscillation of the SQUID in
addition to the white noise spectrum. All noise characteristics shown later are connected to
working points that had a voltage V with V > 10 fOut Φ0. Working points with voltages below
this value were considered to give a inaccurate approximation of the white noise spectrum
and were therefore excluded. To give an example, for a standard SQUID a cutoff frequency
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Figure 3.1: Schematic of the circuit simulated in JSIM for characterizing a SQUID. No noise sources
are attached to the resistances shown here, which are only used to reduce the quality factors of the
low-pass filters to 1. The left most current source also generates white noise, which is low-pass filtered
with a cutoff frequency fExct to generate a random excitation flux. The circulating current of the
SQUID J is measured by a symmetrically coupled inductive network. Both J and the voltage across
the SQUID V are low-pass filtered with the same corner frequency fOut. The corner frequency of
the output low-pass filters fOut is chosen higher than the one of the excitation: fOut = 10 fExct. All
auxiliary circuits are heavily mismatched to the SQUID: kΦ ≪ 1, kJ≪ 1, LLP,V ≫ LSQ, RLP,V ≫ R.

of fOut . I0 R/(100Φ0) proved to be practical. Here, I0 R is the characteristic voltage of the
Josephson junction, see section 1.2.4 on page 5.

The measurement of the output data begins after a safe delay accounting for the time
constants of the low-pass filters and the much faster transients of the SQUID sensor settling
the desired bias point. To exclude an influence of the auxiliary circuits on the SQUID sensor,
their elements are chosen such that there is no serious impedance matching with the SQUID
at any frequency up to the Josephson frequency.

The variance of the low-pass filtered voltage cov(V,V ) and the circulating current
cov(J,J) is directly related to the effective bandwidth of the filter BOut and the respec-
tive white noise level. The same holds for the cross correlation spectrum SJV and the
covariance cov(J,V ). The covariance of two equally large sets of discrete samples xi and yi

is given by:

cov(x,y) =
1
N

N

∑
i=1

(xi−〈x〉)(yi−〈y〉) (3.1)

Here, N is the number of the samples and 〈x〉 and 〈y〉 are the respective mean values.
Naturally, cov(x,x) represents the variance of x.

From the transfer function H( f ) at a frequency f , the effective bandwidth of the low-pass
filter can be calculated by BOut =

∫
∞

0 |H( f )|2 d f . This yields BOut = π

2 fOut for the output
low-pass filters shown in Fig. 3.1. Accordingly, the white noise PSDs SVV

′ and SJJ
′ and the

white correlation spectral density SJV
′ are calculated by:

SVV
′ =

cov(V,V )
BOut

SJJ
′ =

cov(J,J)
BOut

SJV
′ =

cov(J,V )
BOut

(3.2)

One advantage of this approach is that one directly reduces the amount of data that has to
be post-processed. In case of the direct solution of the Langevin equations [57, 61, 63], a
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large number of Josephson oscillations is recorded, Fourier transformed and then the white
spectrum is extracted. In our approach, the spectrum is reduced within the simulation and
one only needs to calculate the covariance of an already reduced amount of data.

The determination of the small-signal parameters is no trivial problem. There are large
differences in the magnitude of these small signal parameters of different SQUIDs and
working points. To minimize the needed simulation time, we chose for an approach inspired
by experimental techniques. A random Gaussian flux excitation with a variance cov(ΦE ,ΦE)
around the working point also causes a change in the output variables. The correlation
of the excitation signal and the measured voltage V and circulating current J contains
information about the small signal parameters. The excitation is continuously applied during
the simulation and measured by the left ammeter as indicated in Fig. 3.1. From its correlation
to the output variables, the value of the small-signal transfer functions are then given by:

GV Φ =
cov(V,ΦE)

cov(ΦE ,ΦE)
GJΦ =

cov(J,ΦE)
cov(ΦE ,ΦE)

(3.3)

Here, the statistical independence of the noise sources in the SQUID and the excitation was
used. Furthermore, we assume that the excitation flux stays within a linear regime of the
flux–voltage and the flux–circulating current characteristics around the working point. To
assure that the total power of the applied excitation also shows an effect at the output of the
SQUID, the bandwidth of the excitation is chosen an order of magnitude smaller than the
bandwidth of the output low-pass filter. Because the excitation flux is known and statistically
independent from the SQUID noise, its influence on the covariances of the output variables
cov(V,V ), cov(J,J) and cov(J,V ) can be eliminated. The pure noise of the SQUID reads:

SVV = SVV
′− cov(ΦE ,ΦE)GV Φ

2

BOut
=

cov(V,V )
BOut

− cov(V,ΦE)2

BOut cov(ΦE ,ΦE)
(3.4)

SJJ = SJJ
′−

cov(ΦE ,ΦE)GJ,Φ
2

BOut
=

cov(J,J)
BOut

− cov(J,ΦE)2

BOut cov(ΦE ,ΦE)
(3.5)

SJV = SJV
′−

cov(ΦE ,ΦE) GJ,Φ GV Φ

BOut
=

cov(J,V )
BOut

− cov(J,ΦE) cov(V,ΦE)
BOut cov(ΦE ,ΦE)

(3.6)

The additional flux noise SΦ ,VV and energy resolution εVV can now be calculated using
Eqns. (1.19)–(1.22), see page 9.

The variance of the excitation flux has to be chosen well. In case it is too big, the
characteristics of the SQUID can be degraded and in case it is too small, one needs a long
simulation time to reach a good estimate for the small signal parameters. To account for this,
we performed two simulation steps. In the first simulation step, we estimate an appropriate
variance of the excitation and in the second step, we estimate the sensitivity and small signal
parameters with this adapted excitation. In the first simulation step, the standard deviation of
the external flux

√
cov(ΦE ,ΦE) is chosen to 0.005Φ0. This value is small enough not to

exceed the small-signal regime of typical working points.
In case the resulting mean value of the voltage V was smaller than 10 fOut Φ0, we did not

perform the second simulation step. This occurs when the SQUID is either superconducting
or biased close to the superconducting state. As mentioned above, the white noise spectrum
in such working points cannot be measured within the observed bandwidth. The spectra
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cannot be considered white over the bandwidth of the output low-pass filter. In this case,
we only recorded the mean values of V and J. All later shown noise characteristics are at
working points above this voltage threshold. We chose a sufficiently low cutoff frequency of
the low-pass filter to capture working points of the SQUID with the best sensitivity.

In case the mean value of the voltage V was larger than 10Φ0 fOut, we considered the
spectrum of the SQUID noise in the output low-pass filters as white and we performed
a second simulation step to estimate the small-signal and noise parameters with a higher
precision. From the first simulation run, we estimated the SQUID noise SVV , SJJ and the
small-signal parameters GJΦ and GV Φ using Eqns. (3.3)–(3.5). The flux excitation was
adapted such that the artificially added noise power, see the subtracted terms in Eqns. (3.4)
and (3.5), does not exceed the estimated intrinsic SQUID noise. The introduced noise on
both J or V has to be considered and therefore, the variance of the excitation flux is chosen
on the basis of the output parameter with the comparably larger artificially introduced noise.
Expressed in an equation, the adapted variance of the excitation flux for the second simulation
run reads:

cov(ΦE ,ΦE)
∣∣∣∣
used during 2nd run

= BOut min
(

SVV

GV Φ
2 ,

SJJ

GJΦ
2

)∣∣∣∣
estimate 1st run

(3.7)

Here, min(a,b) is the minimum of the two variables a and b. The resulting excitation level can
be higher or lower than the start value. For safety, we additionally forced a fixed maximum
of
√

cov(ΦE ,ΦE)≤ 0.04Φ0.
In summary, the variance of the artificially introduced flux excitation has at most the

same magnitude as the variance of the voltage SVV BOut or the circulating current SVV BOut of
the intrinsic SQUID noise. Here, the bandwidth BOut is much smaller than the Josephson
frequency. In practice, this leads to self-adapted flux excitation that does not degrade the
characteristics of the SQUID and accounts for differences in the small-signal parameters
GV Φ and GJΦ of different working points.

Besides its flexibility, a big advantage of JSIM is speed. The calculation of one SQUID from
Fig. 3.4 included about 109 plasma oscillations of the Josephson junctions and took 20 hours
on a Pentium 4 with 3 GHz. In all simulations, the maximum time step in the simulation is
chosen a factor of 25 smaller [45] than a period of the plasma frequency fP =

√
I0/(2π Φ0 C)

of the Josephson junction. Noise sources induce Gaussian distributed random currents at the
same rate of the maximum time steps.

At this point, we want to name some problems we encountered using JSIM. First of
all, the simulation sometimes randomly crashes and has to be repeated. Nevertheless, we
never had the impression that this apparent bug in the software leads to wrong results.
Furthermore, the model of the Josephson junction in JSIM is of the RCSJ type and one has
to choose a finite capacitance. To model an overdamped Josephson junction, we typically
chose a Stewart-McCumber parameter βC = 0.1, see Eqn. (1.12) on page 5, in the most cases.
This value is low enough not to have an influence, see the discussion in section 1.3.2 on
page 9 or Fig. 3.2. Nevertheless, compared to a model of a Josephson junction without the
capacitance this leads to longer time for the calculation, because the maximum time steps in
the simulation are connected to the plasma oscillations.

To test our simulation approach, we reproduced the characteristics, small-signal pa-
rameters and noise parameters of some published simulations from references [2, 58, 63–
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Figure 3.2: A simulation is shown for three standard SQUIDs, see the schematic in Fig. 1.3 on page 7,
with varying βC at one external flux ΦE = 0.25Φ0 with changing bias current I. βL was set to 1 and
the noise parameter Γ was set to 0.05. (a) SQUID voltage. (b) Flux-to-voltage transfer. (c) Voltage
noise PSD. (d) Additional flux noise PSD. The output low-pass filter was set to fOut = I0 R/(300Φ0).
The effective observation time for each of the 50 working points of each SQUID was 1.3·104/ fOut.
The maximum excitation of the external flux

√
cov(ΦE ,ΦE) was set to 0.01Φ0.

The dashed lines indicate values calculated from Eqns. (1.23)–(1.27). For comparison, see page 55 in
“The SQUID Handbook Vol. I” edited by J. Clarke and A. I. Braginski [2].

65, 67, 80, 101, 102]. In general, we found a good agreement. For demonstration purposes,
in Fig. 3.2 we show a simulation that can be found in reference [2]. The original simulation
is reproduced well. In the same figure, we also plotted the standard approximation formulas
Eqns. (1.23)–(1.27) for SQUIDs with overdamped Josephson junctions, see page 11. They
are well fulfilled at the points of optimal sensitivity. The value of minimum additional flux
noise SΦ ,VV for the underdamped SQUID with βC = 1 is close to the overdamped approxi-
mation. The peak in flux noise that can be seen for βC = 1 and 0.5 in Fig. 3.2(d) corresponds
to working points, where the SQUID inductance LSQ resonates with the effective capacitance
of the Josephson junctions ≈C/2 [70, 71].

The units shown in Fig. 3.2 and throughout this chapter are normalized. This is based on
the Langevin Eqns. (1.13), see page 7. Accordingly, currents are normalized to the critical
current I0 of one Josephson junction, voltages to the characteristic voltage I0 R, magnetic
flux to the flux quantum Φ0 and the time to Φ0/(2π I0 R). Using these basic units, the
voltage noise PSD SVV is normalized to Φ0 I0 R/(2π) and the flux noise PSD SΦ ,VV to
Φ0

3/(2π I0 R).

3.2 Optimization of typical dc-SQUIDs

In this section we present a numerical characterization of dc-SQUIDs based on the simulation
technique presented in the last section. Here, we concentrate on the one hand on standard
SQUIDs according to the schematic shown in Fig. 1.3 on page 7. On the other hand, we
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Figure 3.3: Basic schematic of a dc-SQUID with resistively shunted inductance. The parameter
γ = R/RD describes the value of the chosen damping resistance. The noise source IN3 injects the
thermal noise current of the damping resistance RD with a PSD of 4kB T γ/R. The junctions are usually
overdamped throughout this chapter, βC � 1. For γ = 0, one gets a standard SQUID without the
resistive shunt.

also included SQUID with a resistively shunted inductance [85–87], which is often used in
practice, see section 1.4.1 on page 12. Both cases can be described by the schematic shown
in Fig. 3.3, where a damping resistance of size RD = R/γ and the corresponding thermal
noise current source are connected in parallel to the SQUID inductance.

3.2.1 Varied parameters of the investigated SQUIDs

The variable input parameters of the model are the inductance of the SQUID, represented by
the screening parameter βL, Eqn. (1.14) on page 7, the damping resistance RD, the Stewart-
McCumber parameter βC, Eqn. (1.12) on page 5, the working point of the SQUID I and ΦE

as well as its its operation temperature. The latter is represented by the noise parameter Γ ,
see Eqn. (1.8) on page 5. The variation of all these parameters is hardly possible and we
therefore restrict ourselves to some practical limits.

First of all, we will here only investigate balanced SQUIDs. That means that the critical
current I0, capacitance C and shunt resistance R of both Josephson junctions are equal.
Furthermore, the SQUID inductance LSQ is distributed evenly over the two branches.

Secondly, we investigate the overdamped regime βC� 1. Here, the capacitance of the
Josephson junction has no influence. We model this in JSIM by setting the value of βC to 0.1
in most of the cases. As already pointed out in section 1.3.2 on page 9, a variation towards
the limit βC ∼ 1 usually does not introduce big differences compared to a modeling with the
RSJ model without the capacitance of the junction.

Thirdly, we performed one series of simulations without the damping resistance (γ = 0)
and one with the optimum value γ = 0.5 given in literature [86, 102].

Furthermore, we have to restrict the investigated working range. In other simulations
reported in literature [2, 57, 61, 63, 67], the external flux ΦE is chosen at a few discrete
values. The bias current I of the SQUID is changed in many more steps. We will first only
use ΦE = 0.25Φ0 for simplicity. This indeed captures the most sensitive working ranges
of most of the SQUIDs. In section 3.2.5 we will show one more flux point that captures
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another low noise working point in the range of a low screening parameter βL� 1. The bias
current I was varied in 40 working points between roughly the critical current of the SQUID,
which depends on βL, and a value of typically 2.2 I0. This range includes typical low noise
operation regimes.

We performed simulations on SQUIDs with a varying screening parameter βL = 0.01
to 10. To ensure that the noise properties of the SQUID are proportional to the temperature,
we chose Γ to a comparably low value of 0.005. The reason for choosing this lower value is
that the SQUID noise is only proportional to the temperature under the condition that both
Γ � 1 and Γ βL � 1 [2]. For a Josephson junction with a critical current of 15 µA, this
corresponds to a temperature of 1.8 K. The chosen value for Γ is not too low regarding the
MiniGRAIL project, see section 1.5 on page 16, and the experiments in chapter 5.

In the chosen temperature range, the noise parameters of the SQUID are approximately
proportional to the temperature. Therefore, it is convenient to divide the noise terms by Γ .
This leads to the normalization terms kB T R for the voltage noise PSD SVV , kB T/R for the
current noise PSD SJJ and kB T Φ0

2/(I0
2 R) for the additional flux noise PSD SΦ ,VV . It is

convenient to use the screening parameter βL = 1 to define a normalized inductance. This
leads to a normalization term for the different energy resolutions, see Eqns. (1.20) to (1.22)
on page 11, of kB T Φ0/(I0 R). This can be interpreted as the thermal noise energy dis-
tributed evenly over the whole bandwidth up to the characteristic frequency of the Josephson
junctions.

The corner frequency of the output low-pass filter was set to fOut = I0 R/(600Φ0) in
each case and the effective observation time for the second simulation step on the sensitivity
was 6.5·103/ fOut per working point. The excitation of the external flux

√
cov(ΦE ,ΦE) was

restricted to a maximum value of 0.04Φ0, which was only reached for some insensitive
working points of SQUIDs with βL > 1. The automatically adapted standard deviation of
the excitation flux stayed mostly below 0.01Φ0. In general, the extracted quantities were
in good agreement with published results from literature [2, 58, 63–65, 67, 80, 102]. We
conclude that the automatically adapter flux excitation does not influence the behavior of
the SQUID. Here, we had to mainly rely on published data on the additional noise εVV

which was investigated more frequently. Comparisons to published results will be pointed
out below.

For the SQUIDs with a damping resistance γ = 0.5 and βL > 1, new features in the
SQUID dynamics emerge. Here, the optimum operation range shifts towards higher bias
currents and voltages [102]. Therefore, we simulated these few particular SQUIDs up to
higher bias currents 2.8 I0. Furthermore, we here had to decrease βC to an even lower value
of 0.01. This had to be done to exclude resonance effects between the SQUID inductance and
the capacitance of the Josephson junctions in the optimum working range. These simulations
took a longer time because of the higher plasma frequency.

3.2.2 Investigated properties

One of the conclusions in chapter 2 was that the noise temperature of a SQUID amplifier
connected to an arbitrary input impedance z̄L = Z̄L/(ωLIN) can be described with three
parameters, see Eqns. (2.25)–(2.27) in combination with Fig. 2.3 on page 28.

First of all, the additional noise term εVV describes the increase in noise for an unmatched
input impedance z̄L 6= z̄L0. Secondly, ε0 defines the minimum reachable noise temperature for
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z̄L = z̄L0. The actual value of the optimum input impedance z̄L0 is leading to the third term
GJΦ LSQ− εJV /εVV =−(ℑ [z̄L0]+1)/k2. It describes the difference between the optimum
input reactance compared to the conjugate complex impedance of the geometric inductance
of the SQUID −jωLIN . Here, the coupling efficiency k2 between the input inductance LIN

and the SQUID inductance LSQ is used. The real part of the optimum input impedance is
given by a combination of the first two parameters ℜ [z̄L0] = k2 ε0/εVV .

These three parameters are dependent on the working point of a given SQUID. On the
other hand, they suffice to describe the general performance of a SQUID when its coupling
efficiency k2 is given. This is of special interest in applications, where the back-action of
the amplifier plays a role. Based on the mentioned three parameters, one can for example
estimate the optimum quality factor of a capacitive impedance, see Eqn. (2.50) on page 34,
or the achievable bandwidth, see Eqn. (2.53). In the following figures, we will therefore
include these three parameters.

Another important result of chapter 2 was that feedback effects do not influence the
noise performance. These effects can be altered or compensated during the operation of the
SQUID and will be therefore ignored here. Accordingly, the output small-signal parameters
GJI and GV I are of secondary importance and will not be investigated further.

Furthermore, we will give the characteristics J and V and the two remaining small signal
parameters, the flux-to-voltage transfer GV Φ and the normalized dynamic SQUID inductance
GJΦ LSQ, see Eqn. (1.15) on page 9.

3.2.3 Results of the simulation series

To allow a compact overview of the large amount of data and varied parameters, it is
convenient to show all data in two graphs, see Figs. 3.4 and 3.5. This makes a comparison of
different properties easier. Here, we want to give a short introduction on how to read these
two graphs.

In Fig. 3.4, we show the data of all working points of a few exemplary SQUIDs. The
shared horizontal axis is given by the bias current I. Within each of the sub-figures, we
plotted different properties of the six SQUIDs, a combination of three exemplary screening
parameters βL = 0.1, 1, 10 as well as the two values of the damping resistance γ . The
SQUIDs without a damping resistance (γ = 0) are shown as solid lines and the ones with
damping resistance γ = 0.5 are shown as dashed lines. This is also indicated in the legend on
the top right of the figure.

In each of the lines shown in Fig. 3.4, we also indicate the points of best sensitivity.
The squares (�,�) indicate the points of the minimum additional flux noise SΦ ,VV or the
respective energy resolution εVV , see Fig. 3.4(h). The circles (•,◦) indicate the points of
minimum achievable noise temperature, represented by ε0 which is shown in Fig. 3.4(j). The
symbols used can also be seen in the legend on the top right. Accordingly, Fig. 3.4 can be
used to compare the performance of different working points of the six exemplary SQUIDs.

A comparison of the SQUIDs without the damping resistance (γ = 0) and the SQUIDs
with the damping resistance γ = 0.5 reveals that for βL = 0.1, there is practically no difference.
Therefore, the solid and dashed lines for βL = 0.1 are almost identical all over Fig. 3.4. For
the SQUIDs with higher screening parameter βL = 1 and 10, the resistive shunt influences
the behavior of the SQUID. As mentioned above, the optimum operation range of SQUIDs
with βL > 1 and the attached damping resistance γ = 0.5 shifts towards higher bias currents
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and voltages [102]. These SQUIDs were therefore simulated up to higher bias currents 2.8 I0.
In Fig. 3.4, this is indicated by putting the markers for the optimum working points (�, ◦)
of the SQUID with βL = 10 and γ = 0.5 on the upper limit of the current axis. The actual
results in these optimum working ranges are not far off the indicated values. The exact values
for all SQUIDs are shown in the following Fig. 3.5.

Several important properties of the SQUIDs in their optimum working points of sensitivity
are now summarized in Fig. 3.5. Here, the shared horizontal axis is the varied screening
parameter βL. The legend is indicated on the top right of the graph, the symbols and line
styles are identical to Fig. 3.4 which shows the characteristics of the exemplary SQUIDs.

Accordingly, one can here compare the properties of all different SQUIDs in their
working point of minimum εVV and in their working point of minimum ε0. For the latter, it
is important to know at which optimum input impedance z̄L0 the minimum noise temperature
is achieved. Both the imaginary and the real part of z̄L0 in the working points of optimum
achievable noise temperature are plotted in Fig. 3.5(d).

To make a comparison of the SQUIDs more straightforward, it is convenient to interpret
the varying screening parameter βL as a changing inductance LSQ with fixed junction pa-
rameters I0 and R. Also in the simulation, the SQUID inductance LSQ was the only changed
parameter to vary the screening parameter βL. In section 3.2.5, we will qualitatively include
I0 and R into the optimization process.

To give an overview of the, from our point of view, most important effects, we will first
summarize the properties in the three ranges βL < 1, βL ≈ 1 and βL > 1, represented by the
exemplary SQUID characteristics shown in Fig. 3.4. In section 3.2.3, we will then globally
summarize the results.

Low inductance SQUID βL < 1

The most obvious consequence of a changing βL is the difference in the critical current of
the SQUID. In Fig. 3.4(a), one can see that the exemplary SQUID in the low-inductance
range with a screening parameter βL = 0.1 has the lowest critical current, the current where
the voltage state is reached. We find the expected [57] value of ≈ 1.4 I0 for the applied
external flux of ΦE = 0.25Φ0. The critical current of all simulated SQUIDs was found at
the expected values [57].

If one takes a look at the markers for the working ranges of the best sensitivity, see
Fig. 3.4(a) for βL = 0.1, it becomes obvious that there are two completely different working
ranges. The best additional noise εVV (marker �) is found close to the superconducting state
V ≈ 0.15 I0 R. The minimum reachable noise temperature (marker •), on the other hand is
found at much higher voltages V ∼ 0.6 I0 R. In the overview Fig. 3.5(a), one can clearly see
this separation for all SQUIDs with a screening parameter βL smaller than ∼ 1.

This is a somewhat surprising result. In practice, one could be tempted to search for the
working range that shows the minimum additional flux noise SΦ ,VV and guess that this also
leads to the best signal-to-noise ratio. This working range is also close to the point of the
observed maximum flux-to-voltage transfer function GV Φ , see the marker � for βL = 0.1 in
Fig. 3.4(f).

In applications where the back-action becomes important, this can lead to a degraded
sensitivity. As one can see from Fig. 3.4(i), the noise on the circulating current SJJ is
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Figure 3.4: Simulation of six SQUIDs with varying βL and γ , see the legend in the top right corner.
All simulations are shown versus the bias current I. ΦE = 0.25Φ0, Γ = 0.005. We plotted a choice of
important parameters in normalized units. (a) SQUID voltage. (b) Circulating current. (c) Normalized
dynamic inductance. (d) Shift in optimum normalized input reactance. (e) Optimum normalized input
resistance. (f) Flux-to-voltage transfer. (g) White noise PSD of the output voltage. (h) Additional
flux noise and energy resolution. (i) White noise PSD of the circulating current and the corresponding
energy resolution. (j) ε0, which is proportional to the minimum possible noise temperature when the
optimum input impedance ω LIN z̄L0 is connected, see (d),(e).
The working points with minimum additional noise εVV are marked with squares, the ones with the
minimum possible noise temperature with circles. For βL and γ = 0.5, the optimum working range is
above the range shown here. Also see the figure on the right.
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Figure 3.5: A choice of properties at the best points of sensitivity, the minimum additional noise (�,�)
and the minimum reachable noise temperature (•,◦) of all simulated SQUIDs. See the legend in the
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between the current noise on J and the measured flux V/GV Φ . (d) Optimum input impedance. (e) Flux-
to-voltage transfer. (f) Additional noise. (g) Effective back-action noise. (h) ε0. See text for details.

decreased for the higher bias currents. Therefore, the SQUID has to be biased there to reach
the optimum point of sensitivity.

In the work of Danilov et al. [16, 59], one can find analytical expressions for the
performance of standard SQUIDs with a low inductance. They calculated the SQUID
characteristics, small-signal parameters and the sensitivity in case of a negligibly small
SQUID inductance 2πβL� 1.

According to theory, the minimum reachable additional noise is found close to the
superconducting state V → 0. Its magnitude is described by [59]:

εVV,min,βL�1 =
12

(2π)2
βL sin2 (

πΦE
/

Φ0
) kB T Φ0

I0 R
(2πβL� 1, V → 0) (3.8)
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Note that a similar expression has been derived in another analytical work [103]. Equa-
tion (3.8) is plotted in Fig. 3.5(f) and shows a good agreement with the simulation. The same
holds for simulations on the SQUIDs with βL < 1 shown in references [57, 58]. The en-
ergy resolution εVV scales inversely proportional with the inductance εVV = SΦ ,VV /(2LSQ),
see Eqn. (1.20). Therefore, the screening parameter can be found in the denominator in
Eqn. (3.8). For a fixed characteristic voltage I0 R, the overall minimum additional flux noise
SΦ ,VV can be found for βL � 1 [59]. This can be seen for the exemplary SQUID with
βL = 0.1 in Fig. 3.4(h), where we plotted the additional flux noise PSD SΦ ,VV .

According to Eqn. (3.8), the global minimum achievable additional flux noise is SΦ ,VV ≈
0.3kB T Φ0

2/(I0
2 R), which can be found at ΦE → 0.5Φ0. Note that this quantity is, accord-

ing to reference [16], not affected by quantum mechanical effects. Due to our chosen flux
bias of ΦE = 0.25Φ0, the global minimum in the additional flux noise PSD SΦ ,VV is missed
by a factor of two, see Eqn. (3.8). For simplicity, we will ignore this at the moment and add
another simulation series with ΦE → 0.5Φ0 in section 3.2.5.

The minimum ε0 is according to theory indeed found at ΦE ≈ 0.25Φ0, but at a higher
operation voltage V ≈ 0.65 I0 R [16, 59]:

ε0,min ≈
5.4
2π

kB T Φ0

I0 R
(2π βL� 1, ΦE ≈ 0.25Φ0, V ≈ 0.65 I0 R) (3.9)

This corresponds to the global minimum of the minimum achievable noise temperature in
dc-SQUIDs and it is indeed affected by zero point fluctuations [16]. The theoretical minimum
for ε0,min is h̄/2 [16, 17]. Note the much higher operation voltage compared to the range
of minimum additional noise εVV . The value and working range given in Eqn. (3.9) fit our
results well, see the data of the lower range of βL in Figs. 3.5(a) and (h).

Another effect noted in theory [59] can also be seen in the simulations. For the symmetric
low-inductance SQUID, both the correlation between the additional and the back-action noise,
represented by εJV , and the normalized dynamic inductance gJΦ = GJΦ LSQ vanish. This
can be especially seen for the working points of minimum noise temperature in Figs. 3.5(b)
and (c) for βL� 1.

For the SQUIDs with βL . 1 the connected damping resistance with γ = 0.5 does not alter
the SQUID dynamics significantly and the noise terms are increased only slightly. This can
be seen for the exemplary SQUID with βL = 0.1 in Fig. 3.4 by comparing the solid and the
dashed lines in all sub-figures.

Intermediate inductance SQUID βL ≈ 1

For the higher inductance SQUIDs βL & 1, all low noise working points are found at
ΦE ≈ 0.25Φ0 [2, 57, 60, 67], which we also verified in test simulations.

The reached minimum additional flux noise SΦ ,VV for the SQUID with βL = 1 fits the
standard SQUID approximation well, see Eqn. (1.24) on page 11. This can be seen in
Fig. 3.4(h) for the SQUID with βL = 1 in the region marked with �.

For the SQUID at βL = 1, the minimum achievable noise temperature, see Eqns. (1.24)–
(1.26) on page 11, was determined by numerical simulations to [57, 58, 63]:

ε0,min,βL=1 ≈ 1.4
kB T Φ0

I0 R
(βL = 1) (3.10)
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Also here, a good agreement with our simulation was found, as one can see from Figs. 3.4(j)
and 3.5(h). The corresponding working range shifts, compared to βL� 1, to lower voltages.
The value from Eqn. (3.10) is only about 60% higher than the overall minimum which is
achieved for βL� 1, see Eqn. (3.9). Nevertheless, there is another big difference. Both the
correlation between the additional and the back-action noise, represented by εJV , and the
normalized dynamic inductance GJΦ LSQ become larger, see Figs. 3.4(c) and (d). This has
an influence on the optimum input reactance at which the minimum noise temperature is
reached.

As mentioned before, the connected damping resistance with γ = 0.5 does not alter the
SQUID dynamics significantly for the SQUIDs with βL . 1. This can also be seen for the
SQUID with βL = 1 in Fig. 3.4 by comparing the solid and the dashed lines in all sub-figures.
The damping resistance degrades the reachable sensitivity only slightly.

Here, we want to point out some temperature-dependent differences especially in the voltage
noise PSD SVV , see Fig. 3.4(f), and the flux-to-voltage transfer GV Φ , see Fig. 3.4(g). The
simulations shown in Fig. 3.4 were done at a ten times higher temperature compared to the
simulations shown in Fig. 3.2. In both cases, the standard SQUID approximation formulas
for the additional flux noise PSD SΦ ,VV of a SQUID with βL = 1, see Eqn. (1.23) on page 11,
fit very well, compare Fig. 3.2(d) with Fig. 3.4(h). As expected, the additional flux noise
scales linear with the temperature. On the other hand, the flux-to-voltage transfer GV Φ

increases about a factor of two at the lower temperature compared to Eqn. (1.27), compare
the marker � for βL = 1 and the dotted line in Fig. 3.4(f). Accordingly, the voltage noise
PSD SVV also does not scale linearly with temperature, compare Figs. 3.2(c) and 3.4(g) with
respect to the there shown dotted lines. This behavior is caused by noise rounding at higher
thermal energy. Also see the simulations in references [57, 102] with varying temperature,
which show a similar behavior. If the product Γ βL gets even larger, also the flux noise PSD
SΦ ,VV cannot be expected to scale linearly with the temperature anymore [2, 57, 61].

High inductance SQUID βL > 1

In the range of βL > 1, the additional flux noise SΦ ,VV and the minimum achievable noise
temperature, represented by ε0, of standard SQUIDs increase rapidly. This can be seen
by comparing the solid lines in Figs. 3.4(h) and (j). This is accompanied by a decreased
flux-to-voltage transfer, see Fig. 3.4(f). The optimum working points here can be found for
both the additional noise and the minimum noise temperature close to the superconducting
state [16, 59]. The minimum reachable additional energy resolution εVV is, according to the
analytic theory in the high-inductance range 2πβL� 1, found close to the superconducting
state V → 0 [16, 59]. The theoretical value reads:

εVV,min,βL�1 =
3
2

βL
kB T Φ0

I0 R
(2πβL� 1, V → 0) (3.11)

The result of our simulations for βL = 10 is about a factor of two higher than the value
predicted by Eqn. (3.11). For ε0 the result of our simulation is about a factor of 7 larger than
the theoretical expression from reference [59]. The reason for this discrepancy is unknown.
Nevertheless, the published data on the additional energy resolution εVV in references [57, 58]
for the SQUIDs with βL > 1 show a good agreement with our result. In Figs. 3.5(d) and (i)
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we plotted the predicted dependence of εVV ∝ βL and ε0 ∝ βL
−3/2 for 2πβL� 1 [59]. The

slope fits the results of our simulation, as well as the optimum working range V → 0 for both
noise parameters, see the solid lines for βL > 1 in Fig. 3.5(a).

For high values of βL, the added damping resistance γ = 0.5 significantly changes the
behavior. The first effect is an increased flux-to-voltage transfer and voltage noise in the
usual low voltage working range, compare the solid and the dashed line for the exemplary
SQUID with βL = 10 in Figs. 3.4(f) and (g). Nevertheless, the optimum working range of
both additional noise and minimum noise temperature is found at much higher voltages [85–
87], see the dashed line in the range βL > 1 of Fig. 3.5(a). Here, the flux-to-voltage transfer
is comparable with the unshunted case, see Fig. 3.5(e).

As already pointed out, the SQUIDs with damping resistance γ = 0.5 and βL > 1 had
to be simulated at higher bias currents up to 2.8 I0. To also exclude an influence of the
capacitance, we had to choose a lower value of βC of 0.01. In the range βL > 1 and βC� 1
the additional noise and the minimum noise temperature are improved for the shunted SQUID,
see Figs. 3.5(f) and (h). The overall agreement with the published data from reference [102]
is good. Although the resonance between the capacitance and the inductance is suppressed
by the resistive shunt [85], one can still expect an influence of this resonance on the noise
properties. Because of the higher operation voltage of this design, the noise in the optimum
working range of the shunted SQUID might be degraded compared to the non-shunted
SQUID with the same βL and βC. Nevertheless, for high inductance SQUIDs βL > 1 a
damping resistance in the order of γ = 0.5 can be recommended [86].

Another effect of the damping resistance is pointed out in reference [87]. The normalized
dynamic inductance GJΦ LSQ of the SQUID with a resistively shunted inductance is sup-
pressed significantly, especially in the optimum working range at high voltages V . This can
be seen in Fig. 3.5(b) by comparing the solid and the dashed line for βL > 1. Accordingly,
the input inductance of the SQUID operated in direct readout is altered by the damping
resistance. Nevertheless, the correlation between the circulating current and the voltage noise
stays at high values, see Fig. 3.5(c). The optimum input impedance z̄L0 is therefore nearly
unaffected by the resistive shunt, see Fig. 3.5(d).

For both the shunted (γ = 0.5) and the unshunted (γ = 0) case, the optimum input
reactance is shifted far away from the conjugate complex value of the impedance of the
SQUID input inductance −jωLIN , see the range βL > 1 in Fig. 3.5(d).

Summary

The working range of the optimum additional noise εVV can, except for the SQUID with the
resistively shunted inductance γ = 0.5 with high values of the screening parameter βL > 1,
be found close to the maximum flux-to-voltage transfer function GV Φ , see the markers � in
Fig. 3.4(f). The corresponding voltage V is ≈ 0.2 I0 R, see the markers � in Fig. 3.5(a). This
is close to the usual approximation of V ≈ 0.3 I0 R [60]. The global minimum additional noise
εVV can be found at βL ≈ 0.5 [59], see Fig. 3.5(f). This only holds for a fixed characteristic
voltage I0 R, which will be discussed in more detail below.

The working range of the minimum reachable noise temperature, represented by ε0, can
for all SQUIDs with a screening parameter βL . 1 be found close to moderate values of
the flux-to-voltage transfer GV Φ ≈ 2 to 3 I0 R/Φ0, see the markers • and ◦ in Fig. 3.5(e).
This corresponds to a working range with higher voltages ≈ 0.7 I0 R at lower values of
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βL . 1 [16, 59], as can be seen for the markers • and ◦ in Fig. 3.5(a). In the range βL� 1,
the global minimum noise temperature is attained, see Eqn. (3.9).

Both the minimum additional noise and noise temperature increase with higher values
of βL > 1. This effect can be alleviated by shunting the SQUID inductance with a damping
resistance. For SQUIDs at very small values of βL . 0.1, the dynamics practically do not
change anymore. Here, the coupled energy resolution εVV /k2 scales inversely linearly with
βL, see Fig. 3.5(f), the definition of the energy resolution, Eqn. (1.20) on page 11, and
Eqn. (3.8). Decreasing the SQUID inductance LSQ such that the screening parameter βL is
further decreased below a value of ∼ 0.1 has the same effect on the total noise properties
as decreasing the coupling efficiency k2. Also see Figs. 3.5(g) and (h), which illustrate the
dependency of the effective back-action noise and the minimum noise temperature.

Because the additional noise εVV is also a part of ε0, see Eqn. (2.24) on page 27, one
could be tempted think that a minimized εVV also leads to the minimum noise temperature.
This is about true for SQUIDs with βL & 1, as one can see from Figs. 3.5(a), (f) and (h).
For the lower range of the screening parameter βL < 1, there are two completely different
optimum working ranges. Here, the search for the additional noise at low voltages leads to a
significant increase of the minimum reachable noise temperature, compare the markers •◦
with �� in Fig. 3.5(h). This is caused by an increased back-action in the working points
showing the minimum additional noise, see Fig. 3.5(g).

To reach the minimum noise temperature, the optimum input impedance z̄L0 has to be
connected. The magnitude of the real and the imaginary part of this optimum impedance
can be seen in Fig. 3.5(d). The imaginary part of the optimum input impedance ℑ [z̄L0] is
determined by the normalized dynamic inductance of the SQUID GJΦ LSQ and the correlation
between the back-action and the additional noise, see Eqn. (2.26) on page 27. The correlation
coefficient ρJV between the measured flux V/GV Φ and the circulating current J shows for all
SQUIDs and working points a positive sign, see Fig. 3.5(c). This supports the qualitative
model [63] that the correlation is mainly caused by noise currents J that generate an apparent
external flux, which in turn causes a noise on the voltage V via the flux-to-voltage transfer
GV Φ . Note that we verified in simulations that εJV is also axially symmetric about ΦE = 0.
The same holds for the normalized dynamic impedance of the SQUID GJΦ LSQ. Therefore,
also the optimum input impedance z̄L0 is symmetric about ΦE = 0, z̄L0(ΦE) = z̄L0(−ΦE).
Furthermore, the optimum input impedance is capacitive in all working points.

With the data from Figs. 3.5(d), (f) and (h) and the analysis presented in chapter 2, one
can derive the performance of the SQUID for an arbitrary connected input impedance, for
example a resistive source or a pickup coil. Below, we want to briefly discuss the case of a
connected capacitive input circuit.

3.2.4 Discussion on the performance with a capacitive input circuit

The quality factor of the optimum capacitive input circuit QL0 can be determined from
Eqn. (2.50) on page 34 and the real part of the optimum input impedance, see Fig. 3.5(d).
The optimum quality factor QL0 can be expressed as QL0 ≈ℜ [z̄L0]

−1, where we neglected
the shift in the optimum frequency ω0 ≈ ωL. From Fig. 3.5(d) we determine k2 QL0 for all
SQUIDs with a screening parameter βL & 1 to about 3. k2 QL0 increases for lower values of
the screening parameter βL < 1. At βL = 0.1 the optimum quality factor is QL0 ≈ 10/k2.
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The optimum noise temperature TN0 = ω0 ε0/kB can be observed at the optimum fre-
quency ω0, see Eqns. (2.49) and (2.50) on page 34. The frequency of the optimum noise
temperature ω0 can be expressed as ω0 = ωL (−ℑ [z̄L0])

−1/2. The magnitude of the shift
compared to the passive resonance frequency of the input circuit ωL can therefore be de-
termined from the shift in optimum load reactance (ℑ [z̄L0]+1)/k2. This value is shown in
Fig. 3.5(d). For all values of the screening parameter βL, the optimum frequency ω0 is shifted
above the passive resonance frequency ωL. This can be understood by the effective screening
of the circulating current noise in the SQUID via the input circuit above the resonance.

The magnitude of the frequency shift between the passive resonance frequency ωL and
the frequency of the minimum noise temperature ω0 is dependent on the coupling factor k2

as well as on the screening parameter βL. For βL . 0.5, this shift is negligible, whereas for
large values of the screening parameter βL & 0.5 and large values of the coupling efficiency
k2→ 1 the shift can be large.

Naturally, for a high coupling efficiency k2, the SQUID inductance will be screened by
the capacitance and this will change the dynamics, especially for SQUIDs with βL & 1. This
will be treated later in this chapter.

3.2.5 Optimization of the SQUID design

In practice, the SQUID inductance LSQ is usually related to the requirements of the intended
application and therefore has to be considered fixed. This leaves the parameters I0, R and C
of the Josephson junction that can be either varied or are determined by the technology. In
Figs. 3.6(a) and (c) we plotted the minimum achievable noise parameters from the simulation
results presented in the last section. The horizontal axis is given by βL, which is accordingly
varied with the critical current of the Josephson junction I0. The vertical axis in Figs. 3.6(a)
and (c) should be read for a fixed characteristic voltage I0 R, where R is accordingly adapted.

According to theory [59], we missed another working point of minimum additional noise
for the low-inductance SQUIDs βL . 1, see Eqn. (3.8) and the subsequent paragraph. We
therefore performed another simulation series at ΦE = 0.4Φ0 to determine the minimum
possible additional noise εVV in this range. The results are plotted in Fig. 3.6(a). Here, the
optimum operation voltage is even lower V ≈ 0.1 I0 R. The agreement with Eqn. (3.8) is
again good for βL� 1. The minimum reachable noise temperature, represented by ε0, is
degraded at these working points [59].

From Fig. 3.6(a) we determine a minimum reachable additional energy resolution of:

εVV,min ≈ 2.8
kB T Φ0

I0 R
(βL ≈ 0.5) (3.12)

These results are surprising because the commonly given value for the optimum screening
parameter βL is 1, see for example references [2, 57, 60, 67]. Nevertheless, in the work of
Danilov and Likharev [16, 59], the same optimum values are given for an analysis neglecting
the capacitance of the Josephson junctions. Also see reference [104] for a similar numerical
result. The minimum ε0 is given by Eqn. (3.9) and occurs for βL� 1. The added damping
resistance γ = 0.5 slightly increases the noise for βL . 1 [102].

From the axis of Figs. 3.6(a) and (c) it follows that a maximum characteristic voltage
I0 R should be chosen to reach minimum noise parameters. If one assumes typical externally
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Figure 3.6: The two most important noise parameters for a fixed SQUID inductance LSQ. The screening
parameter βL (horizontal axis) is varied via the critical current I0. (a),(b) The minimum additional
noise εVV . (c),(d) The minimum ε0 from the simulation shown in Fig. 3.5. Another simulation series
was added for γ = 0 and ΦE = 0.4Φ0. See the legend in (c).
(a),(c) correspond to the minimum expected noise parameters if R is chosen to keep I0 R constant and
(b),(d) if R is chosen to keep βC constant with a fixed capacitance of the Josephson junction C. For the
latter case, we applied I0 R = Φ0

√
βC βL/(4π LSQ C) to transform the data from (a),(c) to (b),(d). See

text for details.

shunted low-Tc Josephson junctions within the RCSJ model, there are mainly three restrictions
which limit the chosen I0 R.

First, the Josephson junctions have to be non-hysteretic. This is related to the Stewart-
McCumber parameter βC. As discussed in section 1.2.4 on page 5, the noise-free charac-
teristics become hysteretic above βC ≈ 0.7. The influence of hysteresis on the operation
of the SQUID is a function of βC, Γ , βL and ΦE [67]. In an optimized SQUID design,
one should choose the highest possible value for βC, which still stays below the hysteretic
limit. We did not investigate the optimum here, it is usually given by βC ≈ 1 to 2 for
βL ≈ 1 to 2 [67]. For βL� 1 and ΦE ≈ 0.4, higher values of βC in the order of 2 to 6 can
lead to an improvement [104]. With the fixed SQUID inductance and a fixed capacitance of
the Josephson junction, one can use the definitions of βL and βC to express the chosen I0 R as
Φ0
√

βC βL/(4π LSQ C). We used this expression to calculate the expected sensitivity for a
fixed value of βC, see Figs. 3.6(b) and (d). In conservative designs, typically chosen values
for βC are < 1. For this case, the found minima for the unshunted SQUIDs (γ = 0) are:

εVV,min ≈ 13kB T

√
LSQ C

βC
(βL ≈ 1, γ = 0, ΦE = 0.25 to 0.4Φ0) (3.13)

ε0,min ≈ 5.2kB T

√
LSQ C

βC
(βL ≈ 1, γ = 0, ΦE = 0.25Φ0) (3.14)
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The found minimum additional noise εVV is close to the results of simulations in the interme-
diate damped limit [67]. Here, for a SQUID with a screening parameter of βL ≈ 1 to 2 and
βC ≈ 1 to 2 a minimum additional noise εVV ≈ 12kB T

√
LSQ C was estimated. According

to Figs. 3.6(b) and (d), the optimum value of βL is now found at about 1. Here, both the
minimum additional noise and the minimum possible noise temperature are reached. If
the minimum noise temperature is of importance for the intended application, one might
consider to optimize for a smaller value of βL = 0.1 to 1. The dependence is not very strong
ε0 ∝ βL

−1/2 at low values of βL < 1, see Fig. 3.6(d). In case a capacitive impedance has
to be read out, a decrease in βL below 1 would shift the frequency of the minimum noise
temperature ω0 closer to the passive resonance frequency ωL of the input capacitance and
the SQUID input inductance, see the discussion above.

From Figs. 3.6(b) and (d) one might conclude that using a shunt γ = 0.5 across the
SQUID inductance and using higher values of βL leads to even better sensitivities. This
conclusion should only be valid for βC� 1, because of the second limit.

The second limit on the chosen I0 R is related to the resonance of the SQUID inductance
LSQ and the capacitance of the Josephson junctions C/2 [70, 71]. The frequency of this
resonance should be far away from the operation regime. By using the definition of βL and
βC, the operation voltage of the SQUID where this resonance occurs can be expressed as
I0 R
√

2/(π βL βC). Because of the low operation voltages this is usually not a problem for
the SQUIDs without the resistive shunt, see Fig. 3.5(a). For the high-inductance SQUIDs
with the damping resistance γ = 0.5, the resonant regime can easily come close to such high
operation voltages. Although the resonance between the capacitance and the inductance is
suppressed in the characteristics [85], one can still expect an influence of this resonance on
the noise properties [105]. Therefore, the suggested minimum noise for the SQUIDs with
shunted inductance γ = 0.5 in Figs. 3.6(b) and (d) cannot be considered realistic. In this
regime, a detailed analysis for values of βC ∼ 1 is missing. Also note that high values of βL

increase the 1/ f noise [106], which might cause problems in some applications. Nevertheless,
for SQUIDs with βL > 1, a damping resistance can be recommended.

In the case of a technology with a fixed critical current density where only the area AJ

of the Josephson junction is varied, both the capacitance C and the critical current I0 can be
considered proportional to AJ . In this case βC is proportional to AJ

2. Accordingly, I0 R is
proportional to the chosen βC and Figs. 3.6(a) and (c) should be used for the optimization.

The third limit occurs for SQUIDs with integrated input coils. Resonances occur within the
structure of the two coupled inductances [80, 82]. The corresponding voltages should be
shifted far away from the optimum operation regime. In this case, I0 R is fixed to a value
dependent on the geometry and the electromagnetic properties of the coupling inductances.
This can lead to the underdamped Josephson junction regime βC� 1. In this case Figs. 3.6(a)
and (c) should be used for an optimization.

3.3 Washer type SQUIDs with a long integrated input coil
In the last section we numerically simulated typical standard SQUIDs, including properties
that become important when an input circuit is coupled to the SQUID. The actual coupling
of a connected impedance is done via an input coil. In this section we will treat SQUIDs
with a tightly coupled input coil.
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Figure 3.7: (a) Schematic of a typical washer type SQUID with integrated input coil. The Josephson
junctions are indicated on the bottom part. (b) The complete model for the description of the washer
impedance Z̄W at low and RF frequencies. The N windings of the coil are formed by the upper
conductors of microstrip lines. These are represented by transmission lines which are connected to
the distributed slit inductance LSL and the hole inductance LH as indicated. (c) Simplified lumped
circuit element used for fitting the two fundamental resonances, the coil resonance (LR,C, CR,C) and the
washer resonance (LR,W , CR,W ).

In case a high coupling efficiency k2→ 1 is desired, one should integrate the coil directly
on the SQUID chip. This is typically done by integrating a coil on a so-called washer
structure [76], which forms the SQUID inductance.

A basic SQUID design with an integrated input coil based on this washer structure is
shown in Fig. 3.7(a). The two inductors are formed in two superconducting layers. The
inductances are magnetically coupled mainly via the hole in the washer structure. In case a
square washer is used and the width of the outer conductor w is larger than the hole dimension
d, the low frequency inductance of the washer LW can be expressed as [76]:

LH = 1.25 µ0 d (w > d) (3.15)

LW = LH +LSL (3.16)

Here, LH is the inductance of the hole and LSL is the inductance connected to the slit, see the
lower part in Fig. 3.7(a). µ0 is the permeability of vacuum. The distributed slit inductance is
usually approximated by ≈ 0.3 pH/µm [107]. The low-frequency inductance of the input
coil LIN and the mutual inductance M or coupling factor kW between the washer and the coil
inductances are [107]:

LIN = N2 (LH + 1
3 LSL

)
+L′ST lC (3.17)

M = N
(
LH + 1

2 LSL
)

(3.18)

kW = M/
√

LW LIN (3.19)

Here, N is the number of windings of the input coil and L′ST is the distributed inductance of
the strip line formed by the windings of the coil and the washer. The total length of the coil
lC is 4N (d +(N +1) sC +N wC), where sC is the spacing between the windings of the coil
and wC is the width of the coil conductor.
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3.3.1 Radio frequency impedance of a washer with an integrated coil
Because a SQUID operates at high frequencies, the radio frequency (RF) properties of the
washer structure are of particular importance. Here, the microstrip line (MSL) formed by
the washer and the windings of the coil is causing deviations from the purely inductive low
frequency behavior.

The distributed inductance L′ST and capacitance C′ST of a superconducting MSL is calcu-
lated in reference [108]. Approximate solutions are given by:

L′ST ≈ µ0
h+2λL

wC +2(h+2λ )
(3.20)

C′ST =
e0 er wC

h
K (3.21)

Here, the London penetration depth λL of the superconductors is used. er denotes the relative
permittivity of the insulator, h its thickness and e0 is the permittivity of vacuum. K is a fringe
factor that depends on the geometry, typical values are K = 1 to 2 [108].

The behavior of the coupled coil-washer structure can be described by the circuit shown
in Fig. 3.7(b) [83, 84]. Each winding of the coil is represented by a MSL, whose upper
conductor represents the coil. These MSLs are modeled as lossless transmission lines, as
shown in Fig. 3.7(b). The mirrored currents running in the lower lines are connected to the
washer inductance at the appropriate place along the distributed slit inductance, the place
where the winding crosses the slit in the washer.

In Fig. 3.8, one can see a numerical calculation on a washer structure with an integrated
coil of 60 windings. The calculation was performed using the formulas from reference [83].
The plotted impedances Z̄W,O and Z̄IN,O in Fig. 3.8(a) correspond to the washer and the coil
impedance. In both cases, the respective other terminal was open.

There are basically two fundamental resonance frequencies [81, 82]. At lower frequencies
the so-called coil resonance occurs. The coil resonance frequency fR,C is determined by the
total length of all windings of the coil lC. If the coil is not shorted to the washer, the length
of the coil corresponds to half the wavelength. The fundamental coil resonance frequency
fR,C can therefore be approximated by fR,C ≈

(
2 lC
√

L′ST C′ST

)−1
. The corresponding value

is indicated by the left dotted vertical line in each of the plots in Fig. 3.8. The exact value of
the fundamental resonance does not fit very well because it is shifted to lower frequencies
by the slit inductance LSL [86]. In Fig. 3.8(a) one can also see the harmonics of the coil
resonance. Because of the square dependency of the length of the coil on the number of
windings lC ∝ N2, fR,C can reach quite low values. With only a few windings, the resonance
can easily approach the Josephson frequency of typical SQUIDs. Accordingly, SQUIDs with
many-winding coils are usually oscillating far above this resonance. See the upper voltage
scale in Fig. 3.8(a).

Above this resonance and its harmonics, the effective impedance of the washer Z̄W again
approaches an inductive behavior [82, 83]:

Z̄W,RF ≈ jω LW,RF ≈ jω
(
1− kW

2) LW fR,C� f � fR,W (3.22)

The approximate solution indicates an intuitive model that the coil is effectively shorted
above this resonance. In Fig. 3.8(a) we plotted the washer impedance with a shorted coil
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Figure 3.8: Characteristic impedances of a washer with an integrated coil (N = 60). The low frequency
properties of the transformer are LW = 320 pH, LC = 0.82 µH, k2 = 0.83. Characteristic impedances
are plotted versus the frequency or voltage, respectively. The pure inductive behavior is indicated at low
frequencies. (a) Impedance as seen from the terminals of the washer, for an open coil Z̄W,O (solid) and
a shorted coil Z̄W,S (dashed). (b) Impedance seen from the terminals of the coil Z̄IN,O with open washer.
(c) Cross impedance Z̄W,IN = V̄W /ĪIN . The parameters are d = 110 µm, N = 60, wC = sC = 3 µm,
L′SL = 3.8 pH/µm, L′ST = 2.5·10−7 H/m, C′ST = 3.6·10−10 F/m, lC = 11 cm, lSL = 0.36 mm. The
dotted vertical lines in (a),(b),(c) indicate the approximate coil resonance (left) and washer resonance
(right) frequency, see text.

Z̄W,S as a dashed line. The low frequency inductance of the shorted washer is close to the
effective inductance above the coil resonance. Above the coil resonance frequency and its
harmonics, the washer impedance is practically independent of a possible loading of the
input coil.

The other fundamental resonance, the washer resonance, is occurring at much higher
frequencies. Here, the coupling coil acts as a ground plane and the corresponding wavelength
is determined by the dimensions of the area of the washer covered by the coupling coil. The
approximate expression for the washer resonance frequency reads [83]:

fR,W ≈
(

8
(
a+ 4

3 lSL
)√

L′ST C′ST

)−1
(3.23)

Here, the length of the slit that is covered by the input coil lSL is used. The calculated value
for the washer resonance frequency fR,W of the washer shown in Fig. 3.8 is indicated by the
right dotted vertical line in each of the plots. The agreement with the respective resonance
frequency in the numerically calculated impedance is good.

3.3.2 Characteristics of SQUIDs with a long integrated coil

In case a good coupling coefficient k→ 1 and a relatively high input inductance are required,
in practice one has to use a multi-winding input coil. In this case, the coil resonance
frequency is usually located below the Josephson frequency of the SQUID. As shown above,
the impedance of the washer structure above the coil resonance frequency is effectively
inductive, see Eqn. (3.22). In a practical SQUID design, this effective inductance is increased
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Figure 3.9: Simplified schematic of a SQUID with a long integrated coil fR,C � f � fR,W . The
resistance RR,C sets the quality factor of the resonance QR,C = RR,C

√
CR,C/LR,C which was chosen to

1 in this simplified model. No noise source are attached to this resistance. The table summarizes the
frequency dependent effective inductances and the corresponding screening parameters with respect to
the washer impedance. The approximated effective RF inductance is given by Eqn. (3.22).

by parasitic inductances, for example associated with the connection of the Josephson
junctions. Its integration in a model of the SQUID is of crucial importance [80].

The impedance of the SQUID loop including parasitic capacitances can be modeled by
resonance circuits as shown in Fig. 3.7(c), one for the coil resonance and one for the washer
resonance. Compared to the complete model description, this simplified approach does not
include the harmonics of both fundamental resonances as occurring in the impedances, see
Fig. 3.8. If one also neglects the washer resonance and simply distributes the impedance
symmetrically over the SQUID, one gets a schematic as shown in Fig. 3.9. A further
simplification was done by damping the coil resonance to a quality factor of 1. Furthermore,
we assume that there is no noise source connected to the dissipation mechanism that damps
the coil resonance. We will discuss these simplifications in section 3.3.4.

The corresponding structure is similar to a double-loop SQUID type, as investigated in
the work of Tesche [78]. In case the resonance occurs within the working range, chaotic
behavior are found and one can accordingly expect a degraded sensitivity. The optimum
sensitivity is found for the case that the coil resonance frequency is far below the Josephson
frequency [78]. For this case, the characteristics of the SQUID can be explained by a model
presented in reference [78]. In the basic SQUID equations, see Eqn. (1.13) on page 7,
the SQUID inductance only occurs in the third equation, the coupling equation of the two
Josephson junctions:

ϕ2(t)−ϕ1(t)
2π

=
ΦE +LSQ J(t)

Φ0
(3.24)

Applying the simplified model shown in Fig. 3.9, and assuming that the coil resonance
frequency is far below the oscillation frequency of the Josephson junctions, one sees that
only the RF inductance LRF has an influence on the dynamics. Its value is smaller than the
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total inductance LSQ which is effective at low frequencies. The time dependent circulating
current can be divided in two parts J = JDC + JRF(t): the mean value JDC and the RF part
caused by the oscillation of the Josephson junctions JRF(t). The equation characterizing the
coupling of the two Josephson junctions now reads [78]:

ϕ2(t)−ϕ1(t)
2π

=
ΦE +LRF (JDC + JRF(t))+(LSQ−LRF) JDC

Φ0
=

Φ r
E +LRF J(t)

Φ0
(3.25)

ΦE = Φ
r
E − (LSQ−LRF)JDC (3.26)

With the two equations of the Josephson junctions for the noise-free case IN1 = IN2 = 0, see
Eqn. (1.13) on page 7, Eqn. (3.25) describes a reduced SQUID with inductance LRF at the
same static bias current I and an altered static external flux Φ r

E . Now let us assume that one
knows the dynamics of this reduced SQUID J(t) = JDC +JRF(t), ϕ1(t) and ϕ2(t). From JDC,
one can determine the external flux ΦE for the complete SQUID with Eqn. (3.26). The total
flux through the SQUID loop is the same for both the reduced SQUID and the complete
SQUID. The time series J(t), ϕ1(t) and ϕ2(t) at RF and low frequencies are unaffected by
this transformation and accordingly, both the reduced and the complete SQUID have the
same voltage and circulating current. The circulating current JDC and the effective change in
inductance LSQ−LRF between the measurement frequency and the frequency of the SQUID
operation are thus causing a shift in the observable external flux ΦE with respect to the
external flux of the reduced SQUID Φ r

E .
With the differential of the external flux dΦE = dΦ r

E
(
1− (LSQ−LRF)Gr

JΦ

)
the input

small-signal parameters of the complete SQUID read [78]:

GV Φ

∣∣∣∣
ΦE

=
Gr

V Φ

1− (LSQ−LRF)Gr
JΦ

∣∣∣∣
Φr

E

GJΦ

∣∣∣∣
ΦE

=
Gr

JΦ

1− (LSQ−LRF)Gr
JΦ

∣∣∣∣
Φr

E

(3.27)

The change in inductance between high and low frequencies introduces partly hysteretic
features in the characteristics of the SQUID [78]. Hysteresis was observed in a number
of numerical simulations on SQUIDs with parasitic capacitances [78–80, 109, 110]. In
Fig. 3.10 we illustrate the effects for two SQUIDs with an extreme change in inductance
βL/βL,RF = LSQ/LRF = 10. All features in the characteristics for the noise-free case can
be explained by the transformation explained above. In Figs. 3.10(c) and (d) we directly
simulated two SQUIDs with a low frequency resonance at a corresponding voltage 0.03 I0 R.
The quality factor of the resonance was set to 1. Multiple solutions caused by hysteretic
effects are generated by determining each shown working point with two different starting
points. Before sweeping to the working point of interest, the SQUID was biased with a bias
current of i = 2.1 and an external flux of ΦE = 0.5Φ0 in the one and 0.5Φ0 in the other case.

Figure 3.10(a) shows the numerical simulation of a standard SQUID with βL = 1. Using
this simulation and Eqn. (3.26), we calculated the characteristics of a SQUID with βL = 10
and βL,RF = 1 in Fig. 3.10(b). This can be compared with the direct simulation in Fig. 3.10(c).
The characteristics exhibit two types of hysteresis, a voltage hysteresis and a flux hysteresis.

Voltage hysteresis

The critical current of a SQUID at one specific external flux |ΦE | > 0 decreases with
decreasing inductance [57]. For a SQUID with a resonating inductance, the transition from
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Figure 3.10: Illustration of the new features in the characteristics emerging for SQUIDs with a long
integrated coil. Mean voltage V and circulating current J characteristics versus external flux for a
choice of bias currents i = I/I0. The arrows cross the characteristics with varying bias current i in
the indicated order. (a) Standard SQUID with βL = 1 without resonating inductance, see Fig. 3.9.
(b) Calculated characteristics for a SQUID with βL = 10, βL,RF = 1 using the data from (a). Unstable
solutions (dotted), solutions in voltage state whereas a standard SQUID with βL = 10 is superconducting
(dashed) and stable solutions where both are in the same state (solid) are indicated. (c),(d) Direct
simulations of two SQUIDs with βL/βL,RF = LSQ/LRF = 10. See text for details. Γ = 0 and βC = 0.1
were used in all simulations (a),(c),(d) and no flux excitation was applied.

the superconducting to the voltage state is determined by the total loop inductance LSQ

because there is no oscillation of the Josephson junctions in the superconducting state. Once
the critical current is reached, the SQUID starts to oscillate at a frequency higher than the
resonance frequency fR,C. As argued above, the SQUID now behaves like the SQUID with
the reduced inductance LRF and the transformed external flux, see Eqn. (3.26). This leads to
a transient jump in voltage. The markers A© and E© in Fig. 3.10 mark such a transition from
the superconducting to the normal state. A comparison of the external fluxes shows that the
total SQUID inductance determines the point of this transition. Note that the critical flux
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3.3. Washer type SQUIDs with a long integrated input coil

marked with A© in Fig. 3.10(b) was determined in another simulation not shown here.
Once the SQUID with resonating inductance has switched to the voltage state, it follows

the J and V characteristics determined by the reduced SQUID with the lowered effective RF
inductance LRF . This can be seen by comparing Figs. 3.10(b) and (c). The transition back
to the superconducting state is determined by either a direct switching off of the reduced
SQUID, see for example the point marked with F© in Fig. 3.10(d), or by an unstable working
range, see the transition marked with B© in Figs. 3.10(b) and (c). In Fig. 3.10(b) we marked
these unstable solutions with a dotted line. These parts of the characteristics cannot be
reproduced in the direct simulation in Fig. 3.10(c) and could also not be generated in the
simulations in reference [78].

The characteristic marked with G© in Figs. 3.10(b) and (c) at i = 1.8 is in a region
below the minimum critical current of a standard SQUID with βL = 10. Accordingly, this
characteristic could only be reached by first bringing the SQUID into the normal state before
lowering the bias current back to i = 1.8.

Flux hysteresis

For the SQUID with βL = 10 and βL,RF = 1 in the voltage state, the circulating current J
is not zero for ΦE = 0, see Figs. 3.10(b) and (c). This is in contradiction to a symmetric
standard SQUID, see Fig. 3.10(a). This unusual behavior is caused on the one hand by the
large change in inductance LSQ−LRF and on the other hand by the comparably large values
of J for βL = 1.

Accordingly, also the flux-to-voltage characteristic does not follow the usual GV Φ = 0
behavior for ΦE = 0, see Figs. 3.10(b) and (c). The difference between the two observable
solutions around ΦE = 0 is the sign in the external flux of the complete and the reduced
SQUID. The transition between the two solutions is accompanied by an unstable solution as
already mentioned above. The transition is indicated by the marker C© shown in Figs. 3.10(b)
and (c). Even higher values of LSQ−LRF would lead to more possible solutions [78]. For
lower values this type of hysteresis disappears, see Fig. 3.10(d).

Implications for the operation of a practical device

Hysteretic parts of both types should be generally avoided for a low noise operation. A sudden
switching of the SQUID in direct readout is unacceptable. In flux-locked loop operation,
switching events would lead to a pulse in the feedback current before the SQUID reaches
the starting working point. The transition event could also be caused by some interference
at frequencies higher than the measurement frequency and would occur as excess noise at
lower frequencies.

Furthermore, the transitions between the hysteretic points are always accompanied by a
jump of the circulating current, see the right column in Fig. 3.10. On the one hand this also
leads to an increased back-action noise and on the other hand, resonant states within the coil
resonance of a practical device could be excited by the associated transients.

In stable parts of the characteristics with small thermal fluctuations Γ � 1, the voltage V
and circulating current J characteristics are also very well explained by the model presented
above. Working ranges with multiple solutions will be reduced because of the random flux
and bias current [78]. The range of working points showing flux hysteresis, see the exemplary
transition marked with C© in Figs. 3.10(b) and (c), will be effectively reduced further towards

67



Chapter 3. Numerical optimization of dc-SQUID amplifiers

the ΦE = 0 axis. The range of working points with voltage hysteresis, see the exemplary
transition marked with A©, B©, E© and F© in Figs. 3.10(b), (c) and (d), will be narrowed. In
chapter 5, section 5.4.2, we present an experimental observation of the voltage hysteresis in
a SQUID. This could only be observed at sub-Kelvin bath temperatures.

3.3.3 Numerical optimization of the simplified washer SQUID

In this section we want to present a numerical study on the simplified SQUID with a long
integrated coil. Based on the hysteretic characteristics treated in the last section and the
standard SQUID behavior presented in section 3.2, one can already see that typical optimum
SQUID working points at low voltages will be unstable in a SQUID with changing inductance.
The points of optimum sensitivity of standard SQUIDs are usually in the low-voltage region
and will therefore be screened by the voltage hysteresis. For low values of βL, which is based
on the complete low frequency inductance, and external flux ΦE → 0, its influence should be
smaller because of the decreasing critical current of the complete SQUID in this region. On
the other hand, the flux hysteresis becomes important for higher bias currents i& 2 in the
region ΦE → 0. For simplicity, we therefore only chose for an optimization at ΦE = 0.25Φ0.
In this region, the flux hysteresis does not have a big influence, see Figs. 3.10(b) and (c). The
SQUID shown there also represents the SQUID with the most extreme values treated in this
section: βL = 10 and βL,RF = 1. The bias current i = I/I0 was varied in 31 steps between
i = 1 and 2.2.

Simulation procedure

To make sure that the SQUID is not operating in parts of the characteristics with multiple
stable states, we performed two simulations on each working point. This was already done in
the simulations shown in Fig. 3.10. First we biased the SQUID above the maximum critical
current and at one of two initial flux values of ΦE =±0.5Φ0, respectively. After some time
the desired working point was adjusted and then we started to collect data. Afterwards we
compared the voltage V and circulating current J between the two calculations with different
initial flux bias and excluded working points with diverging stable multiple solutions. The
excluded working points were indeed only within the voltage hysteretic regime, close to the
critical current.

We performed a similar series of simulations as presented in section 3.2. The junctions
were overdamped βC = 0.1, the temperature was chosen to Γ = 0.005 and no damping
resistance was attached across the SQUID loop, γ = 0. We performed two simulation
series. One for the extreme case of βL/βL,RF = 10 and a more moderately coupled coil with
βL/βL,RF = 4. The first case can be practically reached by designing a washer with a very
large hole inductance LH � LSL and by connecting the junctions with a small additional
parasitic inductance. Naturally, the total inductance is available for a coupling of flux at the
measurement frequency and therefore LSQ has to be used to normalize the energy resolutions
εVV and εJJ .

The resonance frequency of the coil was set at a corresponding voltage of 0.03 I0 R,
which is sufficiently small to ensure the idealized behavior in the sense of the simple model
described above [78]. The quality factor of the resonance was, for simplicity, again set to 1
to exclude additional effects connected to the resonance.
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The simulation system, see Fig. 3.1 and the respective section, was adapted as follows.
The frequency of the two low-pass filters fOut was chosen one order of magnitude below the
coil resonance fOut = 0.003 I0 R/Φ0. We verified in test simulations that a further decrease
did not change the results anymore. The effective observation time for each of the sensitive
working points was 3.2·103/ fOut. The bandwidth of the small flux excitation was chosen one
order below the bandwidth of the output low-pass filters fExct = 0.003 I0 R/Φ0. The excitation
flux was applied only via LRF and the circulating current was also only measured via this
part of the inductance. We verified that there is no difference between the current through
the resonating inductance LSQ−LRF and the current through the effective RF inductance
LRF within the bandwidth of observation fOut. This fits our expectation because at such
frequencies the capacitance should not have any influence on the inductances. There should
not be a considerable charging current.

Summary of the results

The observed characteristics are very well explained by the characteristics for the noise-free
case, see Fig. 3.10. Therefore, in Fig. 3.11 we only show the data of the points of best
sensitivity. For comparison, the data of a standard SQUID βL/βL,RF =1 from Fig. 3.5 are
shown as well.

The first considerable difference between a standard SQUID and a SQUID with a long
integrated coil is the operation voltage. As one can see from Fig. 3.11(a) for intermediate
to high values of the screening parameter βL & 1, the most sensitive operation regime is
significantly shifted towards higher voltages V ≈ 0.6 I0 R compared to the operation range
of the standard SQUID. This is caused by the voltage hysteresis. Therefore, the SQUIDs
with βL & 1 have to be biased close to the maximum critical current I ≈ 2 I0. The flux
hysteresis was not observed in our chosen parameter range of βL up to 10, βL/βL,RF up to
10 and ΦE = 0.25Φ0. This fits the expectation from the noise-free characteristics shown in
Fig. 3.10.

For low values of the screening parameter βL < 1, the influence of the voltage hysteresis
also vanishes. Here, the critical current of the complete SQUID decreases and accordingly,
there is no discrepancy between the critical currents of the reduced SQUID and the complete
SQUID anymore. As can be seen from Fig. 3.11(a) for values βL below 1, the working range
of optimum additional noise and the optimum noise temperature approach the values of
the standard low inductance SQUID and accordingly diverge between the two optimization
criteria of minimum additional noise and minimum noise temperature.

The minimum possible additional flux noise, Eqn. (3.8), and the minimum possible noise
temperature, Eqn. (3.8), are reached for all the SQUIDs in the low inductance range βL� 1,
see Figs. 3.11(f) and (h). Here, the change in inductance has no influence, because the
SQUID inductance has a vanishing influence on the dynamics for βL� 1 [59].

For intermediate to large values of the screening parameter βL & 1, there is no considerable
difference between the working range and noise levels in points of optimum additional
noise or noise temperature, see Fig. 3.11(f) and (h). The estimated noise parameters of this
simplified model are even better compared to the ones of the standard SQUID. As one can
see in Fig. 3.11(f), the additional noise is up to a factor of two better than the noise of the
conventional SQUID. In reference [78], a simulation is shown on the sensitivity of a similar

69



Chapter 3. Numerical optimization of dc-SQUID amplifiers

ℜ [z̄L0 ]/k2

(ℑ [z̄L0 ]+1)/k2

minimum
ε0 only eqn. (3.9) (βL � 1)

eqn. (3.8)

ε0εVV
minimum

βL
/

βL,RF =1
βL
/

βL,RF =4
βL
/

βL,RF =10

(b)

(a)

(c)

(d) (h)

(g)

(f)

(e)

0.1 1 10
βL

0.1 1 10
βL

ρ
JV

=
ε

JV
√

ε
V

V
ε

JJ
G

JΦ
L S

Q
ℑ

[z̄
L0

]+
1

k2
,

ℜ
[z̄

L0
]

k2
V

[I 0
R
]

G
V

Φ

[ I 0
R

Φ
0

]
ε

V
V

[ k B
T

Φ
0

I 0
R

]
ε

02

ε
V

V
=

ε
JJ
−

ε
JV

2

ε
V

V

[ k B
T

Φ
0

I 0
R

]
ε

0

[ k B
T

Φ
0

I 0
R

]

0.2

0.4

0.6

0.8

1

-1

-0.5

0

0.5

1

10−1

100

10−2

10−1

100

0
2
4
6
8

10
12

100

101

10−1

100

100

101

Figure 3.11: A choice of properties at the best points of sensitivity, the minimum additional noise
(�N+) and the minimum reachable noise temperature (• H×) of all simulated SQUIDs. See the
legend in (e) and the schematic in Fig. 3.9. Two new simulation series with a different inductance
between low frequencies (βL) and the voltage state (βL,RF ) of βL/βL,RF =4 and 10 are shown, respec-
tively. The data for βL/βL,RF =1, a standard SQUID, were taken from Fig. 3.5. All SQUIDs were
varied at ΦE = 0.25Φ0. (a) SQUID voltage. (b) Normalized dynamic inductance. (c) Correlation co-
efficient between the current noise on J and the measured flux V/GV Φ . (d) Optimum input impedance.
(e) Flux-to-voltage transfer. (f) Additional noise. (g) Effective back-action noise. (h) ε0. See text for
details.

SQUID with βL = 11 and βL,RF = 1. Here, a similar resonance frequency but a higher quality
factor Q = 20 and a noise source connected to the corresponding dissipation were used.
The minimum additional flux noise SΦ ,VV ≈ 180kB T Φ0

2/(I0
2 R) was found at a voltage of

≈ 0.6 I0 R [78]. Our result for a SQUID with βL = 10 and βL,RF = 1 is at a similar working
point and noise level SΦ ,VV ≈ 170kB T Φ0

2/(I0
2 R).

Compared to the standard SQUID, the changing inductance also improves the mini-
mum reachable noise temperature for βL & 1, see Fig. 3.11(h). The minimum value for
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standard SQUIDs, see Eqn. (3.9), is already reached at about βL ∼ 1. The optimum input
impedance z̄L0 shows no considerable differences to a standard SQUID, see Fig. 3.11(d) and
the discussion in section 3.2.3.

As one can see in Fig. 3.11(g), the back-action of the SQUIDs with changing inductance
and βL > 1 is decreased below the noise levels of standard SQUIDs. This was also observed
in reference [78]. The results of the simulation series with the intermediate change in effective
inductance βL/βL,RF = 4 lies in all aspects in between the behavior of the standard SQUID
with βL/βL,RF = 1 and the SQUID with a more extreme change in effective inductance
βL/βL,RF = 10. This can be seen for all properties shown in Fig. 3.11.

The noise performance observed in this series of simulations supports the qualitative model
for the behavior of the similar double-loop SQUID from reference [78]. Not only the
characteristics are determined by a reduced SQUID, as shown in section 3.3.2, the sensitivity
is also influenced towards the lower inductance SQUID behavior. This is a positive tendency,
but the sensitive points of the reduced SQUID are partly screened by the hysteresis. This
drawback is on the other hand again compensated by the much higher coupling inductance
LSQ at the low measurement frequency, and the accordingly lower energy resolution εVV [78].
As one can see from Eqn. (3.26), the working points of the reduced SQUID are shifted further
towards the ΦE = 0 axis. This suggests that for SQUIDs with βL & 1, even lower noise levels
could be found for |ΦE |< 0.25 and characteristics without flux hysteresis. Such a behavior
was observed for similar SQUIDs in reference [80], see figure 6(f) therein. We will here
ignore such working points for simplicity. A direct comparison to the simulations shown in
reference [80] is difficult because moderately damped Josephson junctions were used in this
case. Nevertheless, the main aspects regarding the characteristics, working ranges and noise
levels are consistent with our results.

There is another difference between the standard SQUIDs and SQUIDs with a long integrated
coil. A further decrease of the RF inductance βL,RF in the presence of a capacitive impedance
can be safely excluded. As one can see from Fig. 3.8(c), the coupling between the washer
and the coil circuit is degraded above the coil resonance compared to the purely inductive
coupling at low frequencies. This coincides with the SQUID showing “parasitic capacitances”
mentioned in reference [93]. Accordingly, the assumptions that formed the basis of the
small-signal and noise calculations presented in chapter 2 are validated, see the discussion in
section 2.1 on page 20. One can assume that a washer SQUID with a long integrated coil
will behave as shown in chapter 2. This will be treated in more detail in section 3.4 below.

3.3.4 Design and operation of SQUIDs with a long integrated coil

The simulation results shown here are on a simplified model and should be seen as idealized.
Nevertheless, the results are useful to better understand the behavior of a real device.

The best performance of the simplified model of a SQUID with a long integrated coil
is found at a screening parameter of βL ≈ 1, see Figs. 3.11(f) and (h). Here, a minimum
additional noise εVV,min≈ 2kB T Φ0/(I0 R) and approximately the overall minimum reachable
noise temperature for SQUIDs, see Eqn. (3.9), are reached. An optimization with respect to
βC as applied in section 3.2.5 is doubtful in this case because of the washer resonance. This
resonance should be avoided in the operation range, and therefore I0 R has to be chosen at a
fixed value. Even in the case that βC is the limiting factor for maximizing I0 R, one cannot
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recommend a too high critical current I0. The larger βL and βL,RF are, the more problems are
observed with hysteresis and therefore larger differences occur compared to the behavior of
the standard SQUID, see for example Figs. 3.10 and 3.11(a).

Obviously, the impedance of the SQUID loop of the complete washer, see Fig. 3.8(a),
must have further influence on the SQUID dynamics. This has been studied extensively over
the years [78–80, 82, 84, 110–115]. If the SQUID is operated close to a resonance frequency,
one typically observes a current-step within the characteristics, the voltage is constant for a
particular range of the bias currents. Furthermore, one can observe hysteretic parts of the
characteristics or a degraded sensitivity. In the case of the SQUID with a long integrated coil
the washer resonance is unavoidable.

A phenomenological approach for the design and operation of SQUID sensors with
a long integrated coil, see for example chapter 5 in reference [2], is usually defined as
follows. Based on the rule of thumb published in reference [116], one should damp all
resonances properly and shift the resonance frequency of the washer fR,W a factor of & 4
above the Josephson frequency and the coil resonance frequency fR,C a factor of & 4 below
the Josephson frequency. The Josephson frequency is usually approximated by≈ 0.3 I0 R/Φ0

which is based on simulations on standard SQUIDs [2, 80]:

4 fR,C . fOP . fR,W /4 (3.28)

typical approximation: fOP ≈ 0.3 I0 R/Φ0 (3.29)

This leads to an important outcome of the numerical study shown in this section. As one
can see in Fig. 3.11(a), the optimum Josephson frequency of such sensors with βL & 1 is at
least double the value given in Eqn. (3.29). One might still be on the safe side with the rule
of thumb, Eqn. (3.28), and the standard value of the Josephson frequency, but the danger
is that one might also search for the minimum noise in the apparently steepest points at
V ≈ 0.3 I0 R. In a practical measurement, hysteretic working ranges might be smeared out
by noise and would appear as the steepest characteristics, whereas the sensitive regions are
found at working points with moderate flux-to-voltage transfer GV Φ , see Fig. 3.11(e). We
made similar experiences during the characterization of the SQUIDs presented in chapter 5.

The damping of the coil resonance is usually achieved by shunting the input coil with
series resistance–capacitance elements. If the parameters are chosen well, this leads to an
overdamped resonance and low reachable noise due to the faster decay of the energy stored in
the resonant mode τ ∝ Q/ fR,C [82, 109, 112, 117]. In a similar approach, damping resistors
are directly connected to each of the windings of the input coil [113, 115].

The by means of damping improved noise in the hysteretic parts of the characteristics
might still be dominated by non-thermal excess noise [112]. The better approach, especially
if one intends to operate the SQUID at sub-Kelvin operation temperatures, is to search for
low noise working points at the higher operation voltage V ≈ 0.6 I0 R, see Fig. 3.11(a). The
experimental results from references [112, 116] support this way of argumentation. The
behavior of a SQUID with the attached damping elements improves mainly in the low-voltage
region, the region of voltage hysteresis.

In our simplified model we properly damped the coil resonance Q = 1, but did not
include any noise source connected to it. A well chosen series resistance–capacitance
element connected in parallel to the input coil will only induce noise over a restricted
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bandwidth around the resonance. The induced variance of flux only has a big influence
for working points with a small linear flux range, for large values of GV Φ . The optimum
points of operation are indeed mainly in the region of moderate flux-to-voltage transfer
GV Φ ∼ 0 to 3 I0 R/Φ0, see Fig. 3.11(e). The noise contribution of the damping of the
resonance can often be neglected compared to the shunt resistors, see the discussions in
references [78, 112]. We ignore its influence here for simplicity but one should keep in mind
that it could degrade the performance compared to our simple model.

Also in the case of the washer resonance, damping is recommended. This typically
requires the direct shunting of the SQUID inductance [80, 82, 106], similar to the damping
resistor connected in the SQUIDs of the last section, see Fig. 3.3. Because of the quite
low washer impedance at the much lower coil resonance frequency, see Fig. 3.8(a), such
a damping resistor might not be suitable to damp the coil resonance because γ � 1 would
increase the noise of the SQUID considerably [86]. Nevertheless, also this damping helps
to improve the overall performance of a real device [106]. Also see the simulations in
reference [80], where a damping resistor γ = 1 only had a small influence at high operation
voltages. At low operation voltages, within the hysteretic regime, the damping improved the
sensitivity, but the additional flux noise was similar to the undamped SQUID operated at
high voltages.

In our simplified model we did not attach a shunt RD across the total SQUID inductance
as shown in Fig. 3.3 because we neglected the washer resonance. Furthermore, the effective
inductance at radio frequencies LRF is much smaller in this simulation series. In this case,
a moderately chosen damping resistor γ = 0.5 only has a minor influence on the SQUID
dynamics, see Figs. 3.4 and 3.5.

Finally, the effect of capacitive feedback could influence the behavior of a SQUID with an
integrated coil [65, 118]. Here, the SQUID voltage directly drives a feedback current through
the coil caused by an asymmetry in the coil and materials with a high relative permittivity
er, which are used especially in practical high-Tc SQUIDs [118]. If one assumes on the one
hand a symmetric coil layout which is not shorted to the washer and on the other hand small
capacitances between the terminals of the input coil and the washer or the part connecting
the Josephson junctions, see Fig. 3.7, this effect should be negligible.

3.4 Standard SQUID strongly coupled to a capacitance

3.4.1 Motivation

In the preceding part of this chapter we analyzed a simplified model of a SQUID with a long
integrated coil. One of the conclusions was that because of the missing coupling above the
coil resonance frequency, such a SQUID exhibits “capacitive effects” as mentioned in the
work of Martinis et al. [93]. The dynamics of the SQUID are dominated by the effective
inductance above this frequency. A connected input circuit will not alter the behavior further.
The basic assumptions of the analysis presented in chapter 2 are accordingly fulfilled [93]
for SQUIDs with a long integrated coil. The known low frequency small-signal and noise
parameters at a given working point can directly be applied to calculate the performance of
the sensor with different input impedances.
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Figure 3.12: Standard SQUID strongly coupled to a capacitive input circuit. Here, the input inductance
of the SQUID LIN is chosen arbitrarily and k2 is set to 0.9. ωL is the passive resonance frequency of
the input circuit and QL is the corresponding quality factor. INL is a Nyquist noise current source with
a PSD of 4kB TL/RL of the resistance in the input circuit.

In the configuration as shown in Fig. 3.12, one has a very similar situation. Here, a capac-
itive impedance is connected to a standard SQUID amplifier without intrinsic parasitic capac-
itances. The effective SQUID inductance LSQ is decreased above the resonance frequency
ωL = (LIN CL)−1/2 of the input circuit. The effective inductance reads LSQ,RF = LSQ (1− k2)
for ω � ωL. Obviously, the dynamics of the SQUID will change for high values of the
coupling efficiency k2.

This problem was treated in several publications [68, 74, 92–94]. In the work of Martinis
et al. [93], a model similar to the one described in section 3.3.2 was used to determine the
characteristics and the noise of the SQUID coupled to an input circuit. The characteristics
of such a system can be explained on the basis of the known characteristics V and J of the
reduced SQUID with inductance LRF and an external flux Φ r

E . This leads to the altered
flux ΦE and small-signal parameters GV Φ and GJΦ of the SQUID with a connected input
impedance, see Eqns. (3.26) and (3.27). Basically all the publications agree that this transfor-
mation correctly predicts the characteristics and small-signal parameters and therefore also
the frequency response and effective input impedance of the SQUID [68, 74, 92–94]. Small
differences were pointed out to be mistakes in later publications [68, 94]. Accordingly, the
characteristics shown in Fig. 3.10 also coincide with the characteristics of the SQUID with a
connected capacitive input impedance. Hysteretic working ranges are not mentioned in any
of the publications, but they also have to occur in this case. This will be verified below.

It is appealing to also include the noise of the reduced SQUID as a small perturbation
in the effective flux [93]. Here, new features in the treatment of the back-action noise
appear [74, 92, 93] due to the effective change in SQUID inductance at the measurement
frequency. The noise on the circulating current SJJ as treated in chapter 2 would therefore
also be frequency dependent [74, 92, 93].

This inclusion of the intrinsic noise as a small perturbation on the reduced SQUID seems
to be too simple. In the case of thermal fluctuations, the known solutions ϕ1(t), ϕ2(t), J(t) of
a reduced SQUID at flux Φ r

E cannot be used to define a static external flux ΦE of the SQUID
with a connected capacitive input circuit. The latest publication on the topic by Carroll [68]
shows a small-signal analysis of the system as shown in Fig. 3.12, but also includes the
equations of the Josephson junctions. It is pointed out that one has to know the noise mixing
behavior as well as all input and output small-signal parameters of the reduced SQUID
Gr

V Φ
, Gr

JΦ
, Gr

V I and Gr
JI to also perform such a transformation for the noise parameters.
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Nevertheless, the calculated effective input, output and correlation noise of the amplifier, see
equations (70)-(72) in reference [68], are only determined by the dynamics of the SQUID at
the Josephson frequency. The only parameters that determine the low frequency behavior of
the amplifier with an arbitrary connected impedance are LSQ, LRF and the bias point ΦE and
I. The input circuit has no further influence on the noise performance [68].

The results from reference [68] supports the basic assumption for the analysis presented
in chapter 2. The parameters LSQ, εVV , εJV , εJJ , GV Φ and GJΦ used there represent the
effective values at the measurement frequency. How these parameters are determined, which
mechanism might influence the SQUID dynamics at the Josephson frequency, was ignored at
first. In this section, we will present a numerical experiment to test our calculations of chap-
ter 2 also for the case that the effective SQUID inductance is changing at the measurement
frequency.

3.4.2 Numerical experiment on the noise temperature

In section 3.3.3 we determined the small-signal and noise parameters of SQUIDs with
changing inductance. These parameters were determined well below the resonance causing
this change in inductance. In this section we use the data of some exemplary working points
to compare theoretical expressions from chapter 2 with the numerically estimated behavior
of a SQUID with a strongly coupled capacitive input circuit.

To expose possible additional effects as mentioned above, we therefore concentrate on the
extreme case of SQUIDs with a change in inductance of LSQ/LRF = 10. This corresponds to
a coupling efficiency of k2 = 0.9 in case of the standard SQUID coupled to a capacitive input
circuit as shown in Fig. 3.12. The passive (angular) resonance frequency ωL = (LIN CL)−1/2

of the input circuit was set to a value of 2π · 2·10−3I0 R/Φ0, which is much smaller than
typical Josephson frequencies.

The quality factor of the input circuit QL was set to a value of 100 in many cases. This
value is much bigger than the optimum value QL0, see Eqn. (2.50), of each of the shown
working points. Therefore, back-action noise will be dominant. This would emphasize
mistakes in the theoretical assumptions as pointed out above.

We took several points of minimum additional noise εVV and ε0 from three different SQUIDs
with changing βL from the simulation shown in Fig. 3.11. The data of the bias point (ΦE ,
I), the resulting working point (V , J), the small-signal parameters and the important noise

Table 3.1: Data of exemplary working points and the corresponding results. The data were taken from
the simulation shown in Fig. 3.11. In all cases, the external flux is ΦE = 0.25Φ0. All working points
are the ones showing the minimum ε0 of each SQUID. The simulations were done with βC = 0.1 and
Γ = 0.005.

βL βL,RF I V J GV Φ gJΦ εVV ε0 εJV /εVV

[I0] [I0 R] [I0]
[

I0 R
Φ0

] [
kB T Φ0

I0 R

] [
kB T Φ0

I0 R

]
A 10 1 2.0 0.62 0.03 0.23 −0.59 17 3.2 0.32
B 1 0.1 1.8 0.61 0.03 2.6 0.05 1.9 0.9 0.51
C 0.1 0.01 2.1 0.78 0.02 2.0 0.01 11 0.87 0.01
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parameters are summarized in Table 3.1. The results of the simulations are later used to
calculate the theoretical noise spectra.

In the course of the numerical experiments, each SQUID with varying uncoupled screen-
ing parameter βL is biased as given in Table 3.1. No initial bias pulses or flux excitation were
applied. After some time used for reaching the working point, we started to extract a time
series of the SQUID voltage. The low-pass filter for the output voltage as shown in Fig. 3.1
was set to a frequency of 2π fOut = 50ωL and the output voltage was extracted at a three
times higher frequency. After collecting 216 samples, we performed a Fourier transformation
of the output voltage and calculated the output voltage PSD SVV . The plotted spectra are
normalized to the SQUID parameters and slightly smoothed. Furthermore, we determined
the mean circulating current J of the working point.

Here, the SQUID is operated in direct readout. Feedback effects are of no practical
influence in the simulation, `FB = 0. From Eqns. (2.47) and (2.56), see pages 34 and 36, we
get the following expression for the equivalent input noise temperature TN and the measured
output voltage PSD SV,M at a given (angular) frequency ω:

TN =
εVV ωL QL

2kB k2

{
1

QL
2 +

(
ωL

ω0

)2(
ω

ω0
− ω0

ω

)2

+ k4
(

ω

ωL

ε0

εVV

)2
}

(3.30)

SV,M =
4kB (TL +TN) k2 LSQ GV Φ

2

ωL QL

∣∣∣∣ 1
QL

+ j
ωL

ωR

(
ω

ωR
− ωR

ω

)∣∣∣∣−2

(3.31)

ωL =
1√

LIN CL
ω0 =

ωL√
1+ k2gJΦ − k2 εJV

εVV

ωR =
ωL√

1+ k2gJΦ

(3.32)

QL0 =
1
k2

εVV

ε0

ωL

ω0
(3.33)

Here, ω0 is the frequency where the overall minimum noise temperature with an optimum
quality factor QL0 can be observed. ωR is the resonance frequency of the capacitance and the
screened SQUID inductance. It is therefore dependent on the normalized dynamic inductance
gJΦ = GJΦ LSQ at the given working point. Furthermore, we introduced the temperature
TL, which is the thermodynamic temperature of the resistance in the input circuit. T still
represents the effective temperature of the shunt resistors of the SQUID.

In Fig. 3.13, we show the simulated spectra for working point “A” from Table 3.1. This
corresponds to a SQUID with βL = 10 coupled to the capacitive input circuit with a high
coupling efficiency k2 = 0.9. The SQUID is biased at the point of best sensitivity. The
resulting working point V and J was in very good agreement with the separately simulated
values. In Fig. 3.13(a) one can see the spectrum for the case that the input resistance is
located at vanishing temperature TL = 0. Accordingly, the SQUID noise determines the
whole spectrum. In Fig. 3.13(b), we also included the noise of the resistance in the input
circuit. To emphasize the effect, we set the temperature to the double value of the SQUID
temperature TL = 2T . Note that at frequencies ω much higher or lower than the resonance
frequency ωR, the thermal noise of the input resistance is not coupling to the SQUID, see
Fig. 3.13(b). This is due to the comparably large imaginary impedance for ω 6= ωR.

The simulated spectra fit the theoretical expressions in combination with the data from
the separate simulation quite well. Small differences here and in the following spectra can be
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Figure 3.13: Simulated voltage PSD SV,M of a standard SQUID with βL = 10 coupled to a capacitive
input circuit with QL = 100 (dotted line). The frequency axis is normalized to the passive resonance
frequency of the input circuit ωL. The working point was set to the data “A” from Table 3.1. The
theoretical equation (solid line) was calculated with the same data. The temperature of the coupled
resonator TL was set to zero in (a) and to 2T in (b). In (b), the solid line from (a) is plotted as a dashed
line.

explained by small variations ±10% of the noise parameters in Table 3.1. Note that no fitting
was applied. The low-frequency additional noise fits quite well for TL = 0, Fig. 3.13(a). The
resonance frequency ωR is in agreement with the expectation. Because of the negative gJΦ ,
the effective SQUID input inductance is lower compared to its passive value LIN . Therefore,
the resonance is shifted above the passive resonance frequency.

The noise close to the resonance is dominated by back-action. This is due to the high
quality factor of the input circuit QL� QL0. For this working point, the optimum quality
factor is QL0 = 2.5, see Eqn. (3.33). Above the resonance ω > ωR, the voltage noise is
lowered. Here, the noise running in the SQUID loop is effectively screened. The exact noise
at high-frequencies ω � ωR in this measurement is also determined by the correlation εJV

between the additional and the back-action noise. Above the resonance ω > ωR, the thermal
noise of the resistive parts of the input circuit also shows a contribution, see Fig. 3.13(b).
One can clearly see the harmonic of the resonance frequency ωR. Here, nonlinearities in the
SQUID characteristics in combination with generated currents in the input circuit become
visible.

The bias point ΦE = 0.25Φ0 and I = 2.0 I0 of the SQUID simulated in Fig. 3.13 is very close
to the hysteretic regime. This can be seen in Fig. 3.10(b) and (c). The flux hysteresis does not
influence this simulation because a transition would require a large flux pulse from 0.25Φ0

to about −0.25Φ0 for example. In contrary, a switching caused by the voltage hysteresis
does indeed occur.

To demonstrate this, we biased the same SQUID at a slightly lower bias current I = 1.85 I0

instead of 2.0 I0. The simulation at this working point is shown in Fig. 3.14. The histogram of
the voltages clearly indicates the random switching of the SQUID into the superconducting
state, see Fig. 3.10(b) and (c) for a comparison with the characteristics. As expected, the
hysteretic behavior treated in section 3.3.2 is also influencing a standard SQUID with a
strongly coupled capacitance. The exact behavior close to the hysteretic regime is strongly
dependent on the temperature and the quality factor for example.
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Figure 3.14: Same simulation as shown in Fig. 3.13, but with a lower bias current I = 1.85 I0 instead
of 2.0 I0. (a) Simulated voltage PSD SV,M and (b) the histogram of the voltage. Also compare with
Fig. 3.10(b) and (c).

In Fig. 3.15 we show simulations on working point “B” from Table 3.1. Here, a SQUID with
βL = 1 is biased in the optimum point of sensitivity. The resulting working point V and J
was again in good agreement with the expectation. One time we set the quality factor to
QL = 100 and another time we used the optimum value of QL = QL0 = 1.8.

In Fig. 3.15(b) we also show the equivalent input noise temperature. This was determined
from the simulated voltage noise PSD using Eqn. (3.31). This requires the parameters of the
capacitive input impedance as well as the small-signal parameters GV Φ and gJΦ . The latter
were taken from the separate simulation, see Table 3.1.

The simulation is again well approximated by the theoretical expression. Note that the
resonance frequency is very close to ωL in this case, see the peak in Fig. 3.15(a). In contrast,
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(b)
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Figure 3.15: (a) Voltage PSD SV,M and (b) calculated noise temperature TN of a standard SQUID with
βL = 1 coupled to a capacitive input impedance. The dotted lines are the respective simulations and the
solid lines the theoretical expressions using the data “B” from Table 3.1. Two simulations with varying
quality factor are shown. The frequency axis is normalized to the passive resonance frequency of the
input circuit ωL. For clarity we only show one simulated voltage PSD in (a). The temperature of the
coupled resonator TL was set to 0.
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the minimum noise temperature is reached at a higher frequency ωR > ωL, see the minima in
Fig. 3.15(b).

This SQUID already reaches about the overall minimum noise temperature of SQUIDs,
see the dashed line in in Fig. 3.15(b). This would not be possible for a standard SQUID with
βL = 1 and without a significant change in the RF inductance, compare the solid and the
dashed lines at βL ∼ 1 in Fig. 3.11(h).

The final working point “C”, see Table 3.1, is shown in Fig. 3.16. Here, a SQUID with
βL = 0.1 is biased in the optimum point of sensitivity. In this case, we varied the quality
factor over three different values QL = 100, the optimum value QL = QL0 = 14 and a lower
value QL = QL0 = 1. Figure 3.16(b) shows the calculated noise temperature.

The simulation is well approximated by the theoretical expression. This SQUID is
clearly in the low inductance range. A comparison to Fig. 3.15 shows the most important
implications of this. For QL = QL0 the overall minimum possible noise temperature is reached
in both cases. For the SQUID with βL = 0.1, the noise temperature is rapidly increasing for
|ω−ω0|> 0. The reason is the increased additional noise εVV for βL = 0.1. In contrary, the
back-action noise is decreased, as one can see from the heights of the peaks in Figs. 3.15(a)
and 3.16(a). For the case of the low inductance SQUID, the resonance frequency ωR and the
frequency of optimum noise temperature ω0 coincide with the passive resonance frequency.

3.4.3 Summary

We investigated a very extreme case of k2 = 0.9 and found a reasonably good agreement
of the simulations with expressions from the analysis presented in chapter 2. The shown
working points are exemplary, but we tested more working points and found similar results if
a safe distance to hysteretic ranges was kept. We also varied the temperature to some extent
and found a linear dependency of the noise parameters εVV and ε0 of the SQUIDs as shown

eqn. (3.9) at ωL
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Figure 3.16: (a) Voltage PSD SV,M and (b) calculated noise temperature TN of a standard SQUID with
βL = 0.1 coupled to a capacitive input circuit. The dotted lines are the respective simulations and
the solid lines the theoretical expressions using the data “C” from Table 3.1. Three simulations with
varying quality factor are shown. The frequency axis is normalized to the passive resonance frequency
of the input circuit ωL. For clarity we only show one simulated voltage PSD in (a). The temperature of
the coupled resonator TL was set to 0.

79



Chapter 3. Numerical optimization of dc-SQUID amplifiers

in Table 3.1. Naturally, the chosen resonance frequency cannot be increased arbitrarily. In
case ωR approaches the Josephson frequency of the SQUID, the small-signal parameters
cannot be considered real-valued anymore. Nevertheless, similar results as presented above
were achieved for resonance frequencies ωL up to at least 2π 10−2 I0 R/Φ0.

We conclude that the performance of a SQUID with a coupled capacitive input circuit is
well explained by the low frequency properties of the small-signal and noise parameters as
determined far below this resonance. Any additional treatment originating from the change in
the SQUID inductance at the measurement frequency, as explained in references [74, 92, 93],
is doubtful [68, 94]. We conclude that the assumptions of chapter 2 are justified.

3.5 Conclusions

In this chapter, we give a broad overview of the achievable performance of dc-SQUIDs
employed for the readout of an arbitrary input impedance.

In section 3.1, we introduced our approach for a quantitative study on the performance of
SQUID models. On the basis of the circuit simulator JSIM, we developed a system for the
characterization of SQUID amplifiers. Here, the behavior of the SQUID is simulated and
all properties of interest can be extracted in the sense of a numerical experiment. In this
chapter, we used the flexibility of the system to characterize several models of SQUIDs with
increasing complexity. Furthermore, this system will be used in chapter 5 to numerically
characterize detailed models of developed devices.

In section 3.2, we give a very detailed overview of the achievable noise parameters of two
basic SQUID designs. In the limit of an overdamped Josephson junction, we characterized
standard SQUIDs as well as SQUIDs with a resistively shunted inductance. We therefore
focused on an optimization regarding the best achievable additional noise of the amplifier,
which is represented by εVV , as well as on the minimum achievable equivalent input noise
temperature, which is represented by ε0. The latter is of importance in applications where the
back-action of the amplifier has to be taken into account, see especially the capacitive input
impedance treated in chapter 2. The study presented here extends existing results regarding
the influence of back-action effects.

All SQUIDs were simulated with a varying working range. The two noise parameters
εVV and ε0 were then minimized over the simulated working ranges of all SQUIDs with
changing screening parameter βL = 0.01 to 10. A choice of characteristics, small-signal and
noise parameters at the points of best sensitivity are then summarized in Fig. 3.5. The results
are discussed and compared, where possible, to results published in literature. The agreement
is good in most of the cases. The two Figs. 3.4 and 3.5 give a very broad insight into the
most important properties of practical interest: the working range, small-signal parameters
and the sensitivity.

For a constant characteristic voltage I0 R of the Josephson junction, we find a somehow
surprising result. The additional noise εVV takes its minimum value at a screening parameter
βL ≈ 0.5. Usually, the optimum screening parameter βL is given by 1 [2, 57, 60, 67]. A
literature study showed that two publications [59, 104], both are dated in the 1980s, suggest
similar results to ours (βL ≈ 0.5). In section 3.2.5 we discuss this result with respect to the
design of SQUIDs, where the shunt resistance of the Josephson junction R can be chosen
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under circumstances and limits given by the fabrication technology and the basic layout. In
case the choice in R is restricted by the hysteresis of a Josephson junction of fixed capacitance
C, the optimization process yields the usually mentioned value of βL ≈ 1.

Publications on the sensitivity of SQUIDs usually neglect the influence of back-action,
and therefore we investigated these properties in more detail here. The few available studies
on the complete noise properties of standard SQUIDs [16, 59, 63] are restricted in the choice
of the screening parameter βL. In the now almost forgotten work of Danilov et al. [16, 59],
the SQUID dynamics were calculated by analytical approximations in two opposing ranges
βL� 1 and βL� 1. It turned out that their expressions for the range βL� 1 are reproduced
well by the simulations. The derived expressions for εVV and ε0 for the range βL� 1 are not
satisfied. Nevertheless, our estimated additional noise εVV for βL > 1 agrees well with data
from other published simulations [57, 58].

Regarding the minimum reachable noise temperature, the range βL < 1 shows other inter-
esting properties. For a constant characteristic voltage I0 R, the global minimum achievable
noise temperature is reached in this range. The working range and the magnitude of the
noise properties for βL� 1 turn out to be well described by analytical expressions found
in the already mentioned work of Danilov et al. [16, 59]. Depending on the fabrication
technology and the basic layout, a screening parameter βL of ≈ 1 might lead to a minimum
ε0, see section 3.2.5.

In case the back-action of the amplifier is of importance for the sensitivity, the operation
range is also crucial. The choice of the working point with the minimum additional energy
resolution εVV , which is directly accessible during a measurement, leads to an increased
back-action noise for SQUIDs with βL . 1. The shown data give an overview in which
region of the characteristics the minimum noise temperature is reachable, see especially
Fig. 3.5(a).

If the minimum reachable noise temperature is desired, the optimum input impedance
must be known. As we show in chapter 2, see especially section 2.4 on page 25, the optimum
imaginary and real part of the connected input impedance is dependent on the small-signal
and noise parameters of the SQUID in a given working point. For a capacitive input circuit,
this gives information on the optimum quality factor QL0 and the frequency ω0 where the
optimum noise temperature TN0 is reached. These parameters can be derived from Fig. 3.5(d).
The optimum frequency ω0 for the readout of an optimum connected capacitance is always
located above the passive resonance frequency ωL, see section 3.2.4. The shown simulation
data give insights that are useful for the planning and conduction of this type of measurement,
for example for the readout of the capacitive transducers in the gravitational wave antenna
MiniGRAIL.

The comparison between the standard SQUID and the resistively shunted SQUID shows
that the latter can be of advantage. For small values of the screening parameter, βL . 1,
the damping resistance γ = 0.5 does not significantly change the SQUID dynamics. For
SQUIDs with βL > 1 the performance of the resistively shunted SQUID improves. Here, the
optimum working points are found at much higher Josephson frequencies [102]. Therefore,
this improvement might be degraded by the capacitance of the Josephson junctions in a
practical device, see section 3.2.3. In difference to the conclusions from reference [87]
we do not see a significant enhancement in the matching of the SQUID with an arbitrary
input impedance. Although the influence of the dynamic inductance of the SQUID with a
resistively shunted inductance is suppressed in its optimum points of sensitivity, the optimum
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input reactance does not significantly change. This is caused by the unaffected correlation
between the additional and the back-action noise in such sensors, see section 3.2.3.

In section 3.3, we give an overview of the properties of washer type SQUIDs with an
integrated coil. We defined a model for the practical case of a SQUID with a long integrated
coil. Here, the large total length of the windings shifts the coil resonance frequency below
the Josephson frequency of the SQUID. In this case, the effective SQUID inductance at
the Josephson frequency is lowered compared to its low frequency value. Based on the
characteristics of a standard SQUID, we explain the characteristics of SQUIDs with a long
integrated coil. Therefore, we used a model of the similar “double-loop” SQUID type [78].
Parts of the characteristics are found to be hysteretic. In chapter 5 we will present an
experimental verification of one type of hysteresis, the “voltage hysteresis”. This is caused
by the difference in critical current between a standard SQUID with the low-frequency
inductance and a standard SQUID with the lowered effective high-frequency inductance. In
case of an extreme difference between the low-frequency and the effective high-frequency
inductance, we show another type of hysteresis, the “flux hysteresis”.

The subsequently presented numerical optimization of the idealized model shows that the
voltage hysteresis causes a much higher Josephson frequency compared to standard SQUID
sensors. The results of the numerical optimization of this idealized model suggest that the
sensitivity can even be enhanced. This can be explained by the qualitative model [78] that
characteristics, small-signal and noise parameters of the SQUID with an integrated coil are
strongly influenced by its lowered effective inductance at the Josephson frequency. From the
point of view of designing and operating such sensors, we discuss degrading effects especially
caused by resonances and summarize measures to overcome them, see section 3.3.4.

The insights gained from the simplified model of SQUIDs with a long integrated coil
can be useful for the general understanding of the performance of similar SQUIDs and will
therefore be used in chapter 5.

In the final section 3.4 of this chapter, we numerically investigated a standard SQUID strongly
coupled to a capacitive input impedance. The behavior coincides in many aspects with the
idealized model of a SQUID with a long integrated coil. Also here, the SQUID inductance is
effectively lowered at the Josephson frequency. We show that one can also observe hysteretic
characteristics. For three exemplary SQUIDs, we determine the voltage noise spectra in
their working point of minimum reachable noise temperature. The spectra are compared to
theoretical expressions from chapter 2 using the properties of the SQUIDs from section 3.3.
By varying the quality factors of the capacitive input circuit, we change the influence of
both additional noise and back-action noise of the SQUID amplifier. The simulated spectra
are well approximated by the analytical expressions and we therefore conclude that the
basic assumptions of chapter 2 are applicable. We did not observe additional features in
the influence of back-action although the effective SQUID inductance is changing at the
measurement frequency, see the discussion in section 3.4.1 on page 73.

All the noise parameters shown throughout this chapter are considered to be proportional to
the temperature. This does not hold for quantum mechanical effects, which are not included
in the numerical simulations. Quantum mechanics force a fundamental limit on ε0 and
therefore on the minimum reachable noise temperature.

In the following chapter 4, we investigate another limit one typically faces trying to reach
the quantum limit by cooling—the hot-electron effect.
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Chapter 4

Thermal design for sub-Kelvin
operation temperatures

The SQUIDs presented in the following chapter 5 are intended for an operation at bath
temperatures as low as 20 mK. This suggests a promising reachable sensitivity of the sensor,
see Eqn. (1.20) on page 11, but unfortunately there is a practical limit here—the hot-electron
effect. Here, the coupling between the electron and the phonon system of a resistive material
is weakened. In the presence of dissipated power, this leads to an increased temperature of
the electron system and therefore to an increased thermal noise. In this chapter, we study the
influence and the suppression of the hot-electron effect.

In section 4.1 we give an overview of a variety of aspects that influence the thermal
resistance between the electron system in a resistor and the surrounding bath. We review
different theories on the hot-electron effect as well as typical experimental observations.
Theoretical predictions and experiments diverge in many cases. The effects of the geometry
of the sample are discussed. This essentially affects both the coupling between the electron
and the phonon system as well as further thermal resistances one could encounter.

In section 4.2 we investigate the possibility to suppress the hot-electron effect by means
of passive cooling. This can be achieved by so-called “cooling fins”. Here, an attached
volume provides a reservoir for “cold electrons” that exchange with the electrons in the
volume of dissipation. This system can be described by electronic thermal transport in the
sense of the Wiedemann-Franz law. On the basis of a simplified case of a one-dimensional
cooling fin, we demonstrate the properties of such a system.

In section 4.3, we present heating experiments on thin-film resistors made of PdAu with
possibly connected cooling fins made of Au. By means of controlled power dissipation in the
resistor combined with noise thermometry, we characterize different configurations. First
we show the experimental results on a PdAu thin-film resistor without a cooling extension.
The possible influence of other effects is investigated and the results are compared to theory.
Furthermore, we show measurements on resistors with attached cooling fins. In this case,
we compare the results to numerical calculations on the electronic heat transport within the
geometry.

We conclude this chapter with a summary of the results and some general design consid-
erations for the shunt resistors of Josephson junctions with respect to a minimum reachable
electron temperature.
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4.1 Thermal resistance of the electrons in thin resistors

An overview of the most effects given here can be found in references [119] and, in the
context of “electron-dephasing” experiments, in reference [120]. One has to summarize that
the exact behavior of such systems is not very well described by existing theories. In this
section we present an overview of the aspects that are important for the thermal resistance
of the electron system in a thin-film resistor to the bath at a temperature TB. The resulting
effective overheating due to a dissipation P leads to an effective temperature of the electrons
TE > TB and thus also to a higher effective thermal noise of the resistor.

The typical bath temperature of the experiments shown here are below 500 mK and
reached down to 60 mK. The intended operation temperature of our developed SQUIDs is
20 mK, see section 1.5 on page 16. We therefore concentrate on important effects in this
temperature range. As a typical dissipation we assume hundreds of picowatt, which is close
to the dissipation of our SQUIDs.

4.1.1 Hot-electron effect in bulk resistors

For a bulk resistor, several theoretical studies on the low temperatures electron-phonon
interaction were done, see for example references [73, 119, 121–124]. The obtained results
are described by a formula of the form of:

P = Ω Σ (TE
p−TPh

p) (4.1)

Here, P is the dissipated power in the bulk resistor of volume Ω . Σ is a constant. The
exponent p is dependent on the type and structure of the metal, it is generally determined by
the energy relaxation rate between the electron and the phonon system. Because the specific
heat capacity of the electron system is proportional to TE , its heat energy is proportional to
TE

2. Therefore, the energy relaxation rate between the electron and the phonon system is
given by [122]:

τEPh
−1 = α TE

p−2 (4.2)

The constant α is determined by α = pΣ/γ [122], where the material dependent Sommerfeld
parameter γ is used. γ determines the heat capacity of the electron gas [125].

The time constant τEPh involved here, easily exceed the microsecond range. In exper-
iments, even timescales of milliseconds were observed [126]. Any change in the electron
temperature is determined by such slow processes. Because the dynamics of Josephson
circuits are several orders of magnitude faster, see for example Eqn. (1.7) on page 4, the elec-
tron temperature does not follow the time dependent dissipation connected to the dynamics
of a Josephson junction. Accordingly, only the mean dissipation is of importance.

In case the resistor consists of a pure metal, defined by the condition 2π lE/λPh� 1, the
clean limit, an exponent of p = 4 or p = 5 was found in theory, depending on the phonon
mode that dominantly scatters with the electrons. Here, the electron mean free path lE and
the phonon wavelength λPh were introduced. In case longitudinal phonons are dominant,
the exponent takes a value of p = 5 [73, 121–124]. In case the electrons also scatter with
transversal phonons, the exponent changes to values of p = 4 to 5 [124]. Nevertheless, most
experimental results follow Eqn. (4.1) with an exponent of p = 5, even for disordered metals.
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For a disordered metal, classified by the condition 2π lE/λPh � 1, the dirty limit, theory
predicts that the transverse phonons have the dominant contribution to the electron-phonon
interaction [120, 124]. The actual exponent p is dependent on the type of disorder. Typical
causes of this disorder are for example impurities, non-periodic lattice structures in alloys,
defects or the geometric boundaries [125, 127].

In case the dominant scatterer is vibrating with the phonon population, interference
further degrades the electron-phonon interaction and the exponent yields p = 6 [124]. This
case was also observed experimentally [126, 128, 129].

In case the disorder is caused by a scattering potential of static nature, theory predicts
an exponent of p = 4 [124]. The same result was achieved in another work, where the
impurities were assumed to be situated at points shifted from the periodic lattice [130]. The
electron-phonon interaction is accordingly enhanced. This behavior was also observed in
experiments [131–133].

Mixed situations between the static and the vibrating impurity, as defined in refer-
ence [124], lead to an exponent of p = 4 to 6 [120, 124].

For all the different cases, the constant Σ has a different dependency on the electron mean
free path lE and is thus dependent on the conductivity ρ−1 of the metal. Accordingly, Σ can
vary between different grown films based on the same material(s), depending on the origin
of disorder and the fabrication technique and parameters. For a clean metal, theory predicts
no such dependency [73]. For a disordered metal, a dependency of Σ on the electron mean
free path lE is described in reference [124]. In case of a vibrating disorder (p = 6), Σ is
proportional to lE and thus also proportional to the conductivity ρ−1 of the film. In case of a
static disorder (p = 4) it is inversely proportional to lE and ρ−1 [120, 124].

As in the case of pure metals, experiments on metals in the dirty limit often showed an
exponent p = 5 [13, 73, 122, 134]. The results for this are still not understood. Also see
the discussion in references [119, 120, 123, 124]. In reference [120, 124], it is argued that
actually most experiments were done in an intermediate range between the dirty and the
clean limit, in a crossover regime p = 4 to 6.

As we will show below, we also observed an exponent p = 5 in our experiments. For our
employed alloy of PdAu, measurements were done on thick film resistors grown with varying
resistivity which showed an exponent of p = 4 with a Σ ∝ ρ−1 dependency [135]. This case
is not explained by any of the existing theories [120]. Another reported measurement [136],
also shows an exponent p = 5 for a PdAu resistor in a range of resistivity and temperature
similar to our experiment.

Because of the discrepancy between many measurements and the theory, we will simply
assume the exponent p = 5 in Eqn. (4.1) which was observed in most experiments on typical
thin-film resistors. Here, typical means that no exotic materials were used and no measures
were taken to reduce the dimensionality of the electron or phonon system of the resistor or
surrounding materials.

4.1.2 Influences of the sample geometry and other thermal effects

There exists another thermal resistance that is important in this low temperature range:
the Kapitza resistance. It is caused by an acoustic mismatch of the phonon systems on
interfaces between different materials that the heat flow has to pass on its way to the ambient
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bath [137–139]. The Kapitza resistance is described by the following formula:

P = K AK
(
TPh

4−TB
4) (4.3)

Here, the area AK of the interface is introduced. The constant K is dependent on the involved
materials. The effect of the Kapitza resistance in combination with the hot-electron effect,
see Eqn. (4.1), would also lead to an overheating of the phonon system to temperatures
TPh > TB. At high enough dissipated power this would also increase the temperature of the
electron system TE . At high dissipation, the Kapitza resistance is dominant because of the
lower exponent 4 in Eqn. (4.3) compared to the typical hot-electron effect dependence.

For thin-film resistors, the Kapitza resistance is usually neglected. One reason is con-
nected to the wavelength of the thermal phonons [125]:

λPh =
h vS

kB TPh
(4.4)

Here, the speed of sound vS of the phonon mode was introduced. For typical metals, the speed
of sound lies in the range of vS ∼ 103 m/s. At a phonon temperature TPh = 100 mK, this
leads to λPh ≈ 0.5 µm, which is bigger than the thickness of typical thin-films. Accordingly,
a three-dimensional phonon population cannot exist. Because this is needed for the acoustic
mismatch theory of the Kapitza resistance, the temperature of the phonons in the thin-
film resistor is usually considered at the same temperature as the phonons of the adjacent
substrate [73, 119].

Still, the Kapitza resistance could have an influence on the thermal resistance between
the substrate and for example a bath of liquid Helium or a sample holder. In this case the
area AK in Eqn. (4.3) is much bigger compared to the area of the thin-film resistor. Typical
coefficients K for most interfaces between dielectric and metal interfaces as well as interfaces
between different dielectrics lie in the range of 10 to 103 Wm−2 K−4 [138, 140]. As an
example, if one assumes a dissipation of P = 1 nW on a chip of area AK = 10−5 m2 with a
bath temperature at absolute zero TB = 0, the phonon system would be heated up to only
about 50 mK in the worst case. If this power were dissipated in a single thin-film resistor with
a volume of 10−20 m3 with a typical material constant Σ = 1·109 WK−5 m−3, the electrons
would according to Eqn. (4.1) heat up to about 2.5 K.

In conclusion, the Kapitza resistance is of negligible influence for a low total on-chip
dissipation in thin-film resistors, also see references [13, 73, 122, 140, 141] or the discussion
in section II.G in reference [119].

There is another influence of the geometry of the resistor that directly alters the electron-
phonon coupling. Also this effect is related to the properties of the acoustic phonon popula-
tion. In reference [123], the hot-electron effect in resistors made of a clean metal of finite
thickness H on a substrate of infinite thickness is theoretically investigated. Because the
phonon wavelength is dependent on the temperature, see Eqn. (4.4), the electron-phonon
coupling is dependent on the bath temperature. For high temperatures, where λPh� H, the
resistor can be considered as a bulk resistor and the expected exponent p = 5 in Eqn. (4.1)
was found. At low temperatures, where λPh & H, higher exponents p > 5 occur [123]. Theo-
retical and experimental studies on suspended resistors also show altered electron-phonon
interaction compared to bulk resistors [141, 142].
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Another possible heat exchange is given by the emission of photons [143, 144]. This is only of
importance in resistors of very small total volume. The experiments shown in reference [144]
were performed on resistors made of the same alloy as the one we investigated, but were
approximately three orders of magnitude smaller in volume.

4.2 Cooling fins for the suppression of the hot-electron ef-
fect

From Eqn. (4.1) follows that a big volume Ω of the resistor suppresses the hot-electron effect.
The idea of increasing the effective volume by attaching an electrically negligible extension
ΩCF to the resistor was already investigated in references [72, 73, 134, 140, 145]. This
attached volume provides a reservoir for “cold electrons” that exchange with the electrons in
the volume of dissipation.

The total power conducted to the phonon system in these two parts of the volume is:

P = PR +PCF = (ΩR +ΩCF)Σ

(
TR

5−TPh
5
)

(4.5)

Here, we used the volume ΩR of the resistor and the temperature of the electrons TR in the
resistor. The effective volume of the cooling fin ΩCF is a function of TR, as will be shown
below. Based on the preceding section, we here assume a dominant hot-electron effect.
Therefore, we assume that the phonon temperature TPh is identical to the bath temperature
TPh = TB. Furthermore, we use the typically observed exponent p = 5 in Eqn. (4.1).

A microscopic model for the cooling effect can be found in reference [73]. The characteristic
length an electron travels before thermalizing and emitting a phonon is given by the electron-
phonon interaction length lEPh:

lEPh =
√

DτEPh (4.6)

Here, the time constant of the electron-phonon interaction ,τEPh is used, see Eqn. (4.2). D
is the diffusion constant of the electrons in the metal and is also material dependent. For
the assumed exponent p = 5, the electron-phonon relaxation rate τEPh

−1 scales with TR
3.

TR is the electron temperature of the resistive part, the hot-spot with dissipation. Thus, the
characteristic length lEPh is proportional to TR

−3/2. Also note that shot-noise can occur if
lEPh exceeds the length of the resistor [146], but we will come back to this below.

On the basis of the temperature dependency of the electron-phonon interaction length,
the authors of reference [73] argue that for a non-uniformly heated resistor, there is only a
restricted effective volume. If the total power is only dissipated in a small part ΩR of a much
bigger total volume ΩR + ΩCF , hot electrons only effectively thermalize within a volume
restricted by either lEPh or the boundary of the cooling volume.

Accordingly, there are basically three regimes [134, 145]. At low temperatures TR, the
electron-phonon interaction length lEPh is much bigger than the dimensions of the total
volume, so all the volume takes part in the cooling process. The behavior can be described
by Eqn. (4.5) with the whole geometric volume of the cooling fin ΩCF .

At high temperatures TR, where the electron-phonon interaction length lEPh is much
smaller than the dimension of the volume with dissipation ΩR, the additional cooling effect
vanishes. This effectively leads to ΩCF = 0 in Eqn. (4.5).
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At intermediate temperatures, where lEPh is less or similar to the dimensions of the
cooling volume, but still bigger than the dimensions of the dissipation volume ΩR, the
effective volume of the cooling fin ΩCF is proportional to lEPh

Dim, where “Dim” is the
number of dimensions the electrons can travel. If ΩR is much smaller than lEPh

Dim, Eqn. (4.5)
effectively follows P∝ TE

5−3 Dim/2 [73]. This reduced exponent was observed for resistors
with attached cooling fin in references [73, 134, 145] as well as the measurements we will
show below.

Leaving the microscopic model, the thermal transport within the geometry of such a system
can be described using the Wiedemann-Franz law. It states that the thermal conductivity
via the electron system is proportional to the electrical conductivity [125, 147]. Although
this is typically considered to be valid in our temperature range [125, 147], there is another
important condition. To speak of a well-defined electron temperature at one point within the
volume under consideration, the length scale of the electron-electron interaction has to be
small compared to typical geometries and spacial changes of the electron temperature [119].
An estimate for this length scale for our employed PdAu alloy is given in reference [148]. At
a temperature of 0.1 K, the electron-electron scattering length is below 1 µm. Accordingly,
we assume that the electron temperature is spatially well-defined. The total heat balance is
then described by, see for example section II.D in reference [119]:

P
Ω︸︷︷︸

dissipation

− Σ

(
TE

5−TPh
5
)

︸ ︷︷ ︸
power drained to phonons

=−∇

(
L

ρ
TE∇TE

)
︸ ︷︷ ︸
heat flux electrons

(4.7)

Here, ∇ is the Nabla operator, P/Ω represents possibly dissipated power in a volume element,
L is the Lorenz number 2.45·10−8 WΩK−2 and ρ the specific resistivity of the material.
The Lorenz number is derived from the free electron model but in practice, L can be material-
and temperature dependent [125, 147]. We will ignore this fact for simplicity.

For an idealized cooling fin, there exists an analytic solution for Eqn. (4.7). For a negligible
phonon temperature TPh = 0 and an infinitely long cooling fin with a constant cross-section,
the spatially dependent electron temperature TE(x) can be expressed as [140]:

TE(x) = TR

(
1+

x
lT

)−2/3

(4.8)

lT =

√
14L

9ρ Σ

1
T 3

R
(4.9)

As indicated in Fig. 4.1(a), TR here denotes the electron temperature in the beginning of the
cooling fin x = 0, which corresponds to the temperature of the electrons in the dissipating
resistor. The position is defined as x ≥ 0. The length-scale of changes is lT , which we
call thermal relaxation length. Note that lT shows the same temperature dependence as the
electron-phonon relaxation length lEPh from Eqn. (4.6), although the two length scales were
estimated on two different bases. In reference [149], a similar thermal relaxation length was
defined by comparing the thermal resistance between the electron and the phonon system and
the thermal resistance caused by diffusion of the electrons. For our employed PdAu layer,
see Table 4.1, lT yields 11 µmK3/2 ·TR

−3/2.
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Figure 4.1: (a) Simplified schematic for a resistor (on the left) with a connected one-dimensional
(coordinate x) cooling fin. The indicated thermal resistances between the electron and the phonon
system are determined by Eqn. (4.1). In (b), the solid lines show numerical calculations of the electron
temperature TR at the beginning of two linear cooling fins in PdAu with varying length L and width W
at TPh = 0. The height H, resistivity ρ and hot electron material constant Σ were taken from Table 4.1.
The dotted line represents Eqn. (4.1) with p = 5 and the total volume of the CFs, which is identical for
both CFs. The dashed lines indicate Eqn. (4.10) for an infinitely long cooling fin. The temperature,
where the thermal relaxation length lT is equal to the length L of each CF, see Eqn. (4.9), is indicated
by a solid point.

The total power conducted to the phonon system can be obtained from Eqn. (4.8) by
estimating the heat flux of the electron system on the beginning of the CF, see Eqn. (4.7):

PCF = −ACF
L

ρ
TE(x)

dTE(x)
dx


x=0

= ACF
2L

3ρ lT
TR

2 = ACF

√
2L Σ

7ρ
TR

7/2 (4.10)

Here, the area of the cross-section ACF of the cooling fin was used. Note that the same result
can be obtained by integrating the power conducted to the phonon system over the infinite
length of the CF. In terms of the electron-phonon interaction in a bulk resistor, the same be-
havior can be modeled using a temperature dependent total volume of 2

7 lT ACF . Accordingly,
the power-temperature dependency PCF ∝ TE

5−3/2 of this idealized case corresponds to the
microscopic model mentioned above. Of course, a solution with exponent 5, as mentioned
above for the low temperature range, does not directly exist in Eqn. (4.10) because the
thermal relaxation length lT cannot reach boundaries in an infinitely long CF.

In Fig. 4.1(b), we show a numerical calculation of this crossover. We used the finite
element method (FEM) based software Comsol Multiphysics [150] to solve Eqn. (4.7) on a
one dimensional CF with a finite length L. At low temperatures, all the volume of the cooling
fin is taking part in the cooling behavior, see Eqn. (4.1). At higher temperatures, where lT
becomes smaller than the length of the cooling fin, the behavior is well described by the
infinitely long cooling fin. Any volume beyond a distance lT from the dissipation area does
not take part in the cooling behavior.

As already mentioned above for the microscopic model, at high temperatures the power
conducted to the cooling fin PCF can become small compared to the thermal power in the
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resistor. The reason is the temperature dependency of the thermal relaxation length lT or the
lower exponent in Eqn. (4.10) compared to the exponent of 5. Note that the simple calculation
in Eqn. (4.5) only holds as long as the dimensions of the resistor are small compared to lT .
In the other case, temperature gradients can also occur within the volume of dissipation.

The idealized cooling fin is useful to gain a qualitative insight into the behavior of attached
cooling volumes, but in practice there are two effects that are not included. Naturally, the
temperature of the phonon system should be taken into account for the case that the electron
system is not completely out of thermal equilibrium. Furthermore, the actual dimension the
electrons can travel is of importance.

We also qualitatively studied the two-dimensional case. For this purpose, we numerically
calculated the behavior of Eqn. (4.7) in cylindrical coordinates on a cooling fin with radius
rCF . If the source of dissipation is a point-source in the middle of a cooling fin, the expected
power P∝ TR

2 behavior is obtained at unpractically high temperatures, where rCF is much
bigger than lT , which was of course defined for the one-dimensional case. At such high
temperatures, lT in practice comes close to the dimensions of the hot-spot, for example the
width of a thin-film resistor connected to a two-dimensional cooling fin. If the beginning
of the cooling fin is modeled as an inner radius rI � rCF in the cylindrical coordinates, a
behavior between the linear case P∝ TR

7/2 and the two-dimensional case P∝ TR
2 was found.

For similar results, see section II.H in reference [119]. Note that in this work, a very similar
thermal relaxation length was defined. As a rule-of-thumb, only the total volume within a
distance of a small fraction of the thermal relaxation length lT from the hot spot participates
in the cooling.

In conclusion, the effective cooling behavior of attached reservoirs for “cold electrons” is
not trivial, but it can be approximated by a fraction of the thermal relaxation length lT , see
Eqn. (4.9). This cooling radius is, in agreement with a microscopic model, proportional to
T−3/2. All the resistive volume within this cooling radius takes part in the thermalization of
hot electrons, it forms the volume Ω as used in Eqn. (4.1).

4.3 Heating experiments on resistors with cooling fins

During our first run at the IPHT Jena in the “LTS SQUID” process [77], we added cooling
fins to the shunt resistors of the SQUIDs. As already pointed out before, this can lower
the effective noise of SQUIDs cooled to the mK temperature range [72]. Details on the
measurements on the included SQUID sensors will be shown in chapter 5.

To directly study the influence of the hot-electron effect and its suppression in more detail,
we added some test structures on the mask of this run. Their layout is shown in Fig. 4.2.
Here, a resistor in the standard layer of PdAu is contacted by superconducting Nb pads. In
other cases, there are CFs connected to a resistor of the same layout. The CFs of 80×80,
80×280 or 37.5×530 µm2 area were put in a layer of Au. The reason for choosing Au was
the expected better cooling behavior. The properties of the two layers are listed in Table 4.1.
Especially the resistivity is much lower for Au which enhances the thermal transport within
the cooling fin. The thermal relaxation length lT , see Eqn. (4.9), yields 11 µmK3/2 ·TR

−3/2

for PdAu and 30 µmK3/2 ·TR
−3/2 for Au. Accordingly, a bigger cooling volume would be

accessible in the Au layer.
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Figure 4.2: Layout of the different resistors with possibly connected CFs. (a) Bulk resistor in PdAu
with 15 µm width. The total length is 42.5 µm and the effective length of the resistor, the spacing
between the Nb contact pads, is 18.5 µm. In (b),(c),(d) the same resistor is extended in an electrically
unimportant area and overlaps with the CF over an area of 20× 22.5 µm2 in all three cases. Here,
electrical contact is made between the PdAu and the Au layer of the CF. CFs with varying size
(b) 80×80, (c) 80×280 and (d) 37.5×530 µm2 are connected. In (e), the vertical dimensions of the
involved layers are shown, simplified as if all were stacked. The lower SiO layer is present all over the
sample, whereas the upper one, a cover layer, was not present in parts of the Au cooling fin including
the overlap with the PdAu layer [77].

4.3.1 Description of the measurements

By means of dissipating power in the resistors and performing noise thermometry, as it
was done for example in references [13, 72, 145], we studied the thermal behavior of these
configurations. In difference to the typical measurement technique [13, 72, 145], we extended
the setup by a capacitance that forms a high-pass filter. Its purpose will be explained below.
The schematic of the measurement setup is shown in Fig. 4.3. The measurements were
performed in collaboration with Leiden University using a dilution refrigerator from Leiden
Cryogenics [151].

The sample with the resistor under investigation was mounted on a printed circuit board
within a module made of Nb. This module was placed in the mixing chamber of a dilution
refrigerator. The same module also contained the SQUID amplifier and a high-pass capacitor,
a standard part based on polyester with a room temperature capacitance of 4.7 µF. The

Table 4.1: Data of the two involved metal layers.
PdAu Au

thickness H [nm] 110 a 100 a

sheet resistance R� [Ω] 3.5b

specific resistance ρ = R�H [µΩ cm] 39 1.8 c

material constant hot-electron effect Σ for p = 5 [WK−5 m−3] 0.79·109 d 2.4·109 [122]
a fabrication goal
b from resistance measurements below 1 K
c from the standard technology values ρAu = R�H = 0.4 Ω ·45 nm [77]
d from fit to dissipation measurement, see section 4.3.2
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√
P/R

CHP

RVCLP

M

SQUID amplifier

Nb module in mixing chamber of dilution refrigeratorroom temperature

RLP

Figure 4.3: Measurement setup. A current source at room temperature is used to control the dissipation.
The current is low-pass filtered at room temperature (CLP = 1 µF, RLP = 760 kΩ) with a sub-Hz corner
frequency. In the low temperature part, a capacitance CHP = 4.7 µF is connected to form a high-pass
filter for the noise of the resistor R under study. This noise is measured using the SQUID amplifier
presented in section 5.4.2 on page 107. See the text for more details.

capacitance did not drastically change when cooled down to our measurement temperatures.
The measured corner frequency of the high-pass filter below 4 K was ≈ 8 kHz.

Furthermore, it was possible to measure the voltage across the resistor by means of a
pair of cables connected in a four-point configuration. Below bath temperatures of 1 K, we
measured values of the resistors close to 4.4 Ω for all the different characterized resistors.
These values were a few percent lower than the values measured at 4.2 K. This corresponds
to a sheet resistance of 3.5 Ω, whereas the goal of fabrication was 4 Ω. We do not know if
this variation originated from either a changed thickness H of the PdAu layer, a difference
in the resistivity or a mixed situation. For simplicity, we addressed the comparably small
deviation in sheet resistance to a change in resistivity and assumed the goal thickness of the
layer of 110 nm as the fabricated thickness, see Table 4.1.

The SQUID used for the readout of the noise was a SQUID with integrated flux trans-
former [36] which was fabricated on the same wafer. More details can be found in chapter 5.
The SQUID was directly coupled to a Supracon SQUID-electronics [152] and the noise
spectrum was determined in flux-locked loop. The advantage of the employed high-pass
scheme is, besides allowing to easily bias the resistor with a constant current, that we could
also measure the noise of the readout system in the low frequency region and subtract its
noise PSD. A typical noise measurement is depicted in Fig. 4.4(a). Furthermore, we also
subtracted the noise PSD of the room temperature low-pass resistor, which is not present
in the low frequency range. The effective temperature of the electron system in the shunt
resistor was determined by:

TE =
R

4kB M2

(
SΦ ,HF −SΦ ,VV −

4kB ·300 K ·M2

RLP

)
(4.11)

Here, SΦ ,HF is the flux noise PSD between 90 and 100 kHz and SΦ ,VV is the effective
additional flux noise PSD of the SQUID. R is the measured value of the resistor and
RLP = 760 kΩ is the value of the room temperature filter resistance. The corresponding
schematic is shown in Fig. 4.3. The back-action noise of the SQUID, as introduced in
chapter 2, has no influence here due to the comparably large values of the resistor or, in
other words, due to the low quality factor Q� 1. Because we simply used the SQUID
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Figure 4.4: (a) Typically measured SQUID flux-noise spectrum, here at a temperature of 84 mK. The
noise peaks at the lower frequencies were mainly caused by mechanical vibrations that could not be
damped and the high-frequency peaks were of most probably both mechanical and electromagnetic
origin. The two important noise levels are indicated, see Eqn. (4.11). (b) Comparison of the mea-
sured bath temperatures for the later shown measurement series, determined by either the integrated
thermometer or the SQUID. TT H is the temperature determined from an in the dilution refrigerator
integrated thermometer. TE is determined from the measured SQUID spectra without a dissipation
with Eqn. (4.11), where the “x” markers show the equivalent temperature of the subtracted noise of the
readout system. See the second and third term of Eqn. (4.11), the marker “SΦ ,VV ” in (a) and the text
for more details.

in a single-stage setup, the additional noise of the SQUID of typically 1.5 µΦ0/
√

Hz was
dominated by the input voltage noise of the electronics.

During all the measurement series shown below, we first stabilized the temperature
of the dilution refrigerator and recorded the value from an integrated thermometer. Then
we measured the resistance R, using comparably small currents, and measured the noise
spectrum of the SQUID to determine the temperature without power dissipation. Then we
gradually changed the current through the resistor and recorded the P−TE characteristics,
with P = RI2. In the end of each series we verified that the bath temperature did not change
during the measurement.

In Fig. 4.4(b) we show a comparison of the bath temperatures determined by the two
different methods. The result suggests that there is no systematic error between the values
measured via the SQUID or via the thermometer. The differences mainly originate from
a thermal gradient within the mixing chamber, the integrated thermometer was situated
about 10 cm away from the Nb module that contained the sample. Furthermore, the graph
shows that the in Eqn. (4.11) subtracted noise of the readout system is not dominant but of
importance for an accurate determination of the electron temperature.

4.3.2 Measurement results for the resistor

The results for the resistor without CF are shown in Fig. 4.5. The bath temperatures TB

are the values determined from the SQUID measurement without dissipation. We fitted the
measurement data to Eqn. (4.1). Here, we only used the data from the lower range of power
dissipation P, up to ≈ 1 nW. The resulting exponent of p = 5.05 is in accordance to the

93



Chapter 4. Thermal design for sub-Kelvin operation temperatures

(b)

FEM

TE,Kapitza

TE,Shot

ΣPdAu=0.79·109 W
K5m3

fit equation (4.1):

(a)

TE,Shot

1.6 K
1.9 K

TB =2.1 K

TB = 0.74 K

0.4

0.8

1.6

3.2

10−9 10−7 10−5

P [W]

T E
[K

]

TB =149 mK

126 mK
99 mK

0.1

0.2

0.4

0.8

10−13 10−11 10−9

P [W]

T E
[K

]

Figure 4.5: Measurement on the bulk resistor for different bath temperatures. The dissipated power P
is plotted versus the electron temperature TE . (a) Measured data to determine the material constant of
the hot-electron effect, where the complete volume of the resistor including the parts covered with Nb
was used. The resulting fit of Eqn. (4.1) is shown as dashed lines. (b) All measured data at the higher
temperature regime. The three measurements at the highest bath temperatures were performed in a
vacuum-pumped 4He bath-cryostat. The fit for the low power regime is also here shown as a dashed
line. The apparent temperature due to shot noise TE,Shot is estimated from Eqn. (4.13) with F =

√
3/4.

The solid line marked with “FEM” is the numerical calculation of Eqn. (4.7) with TPh = 100 mK and
the data from Table 4.1. The electron temperature with influence of the Kapitza resistance TE,Kapitza is
calculated with Eqn. (4.14) with the total area of the resistor, TB = 0 and K = 80 Wm−2 K−4. K was
chosen to fit the data at the highest temperatures.

most experiments on metals in the clean and dirty limit, see section 4.1. The data of another
reported measurement [136], also suggests an exponent p = 5 for a PdAu resistor.

Our sample sample was certainly in the dirty limit. In reference [136], we found an
estimate for the mean free path of the electrons lE ≈ 2 nm. The there investigated PdAu layer
had a similar resistivity. In reference [153], the speed of sound vS is estimated to 3.5·103 m/s
for the longitudinal and 1.3·103 m/s for the transverse phonons in PdAu, respectively. The
expression 2π lE/λPh yields with Eqn. (4.4) and the minimum bath temperature of 100 mK
a value of ∼ 10−3, the dirty limit. Accordingly, our observed exponent p ≈ 5 is another
example for experimental results that are in discrepancy with existing theories. See section 4.1
for a more detailed discussion.

Because the resistor is contacted by a superconductor, hot electrons stay within the
resistive volume because of Andreev reflection. Due to the superconducting proximity effect,
the superconducting volume could be extended into the covered parts of the resistor [119].
This has practically no influence on the resistance because of the comparably long resistor.
The dissipative area is not altered significantly. Nevertheless, the by Nb covered parts of
the resistor, about half of the total area, could become superconducting and would also not
participate in the cooling of hot electrons. We will ignore this fact because on the one hand
the superconducting proximity effect requires an ideal contact and on the other hand, we
observed a thermal conduction through the covered parts. As will be shown below, the
connected cooling fins significantly lowered the electron temperature of the resistor at low
dissipated power. Because the additional power has to pass the geometry covered by Nb, see
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Fig. 4.2, we assume that there was no significant proximity effect.
The fit of Eqn. (4.1) with a constant exponent p = 5 is shown in Fig. 4.5(a). Using the

total volume of the resistor we were able to estimate the hot electron material constant for
the PdAu layer ΣPdAu = 0.79·109 WK−5 m−3. Because some of the theories mentioned in
section 4.1 predict a dependency of Σ on the mean free path lE [135], the estimate lE ≈ 2 nm
or the resistivity of 39 µΩ cm should be given with this value.

In reference [153], the Sommerfeld parameter γ for a PdAu alloy is experimentally
determined to 3.88 mJmol−1 K−2. Using standard values for the density and atom mass, this
leads to an electronic heat capacity in PdAu of ≈ 400 Jm−3 K−2 ·TE . With Eqn. (4.2), this
allows us to estimate the characteristic electron-phonon scattering time in our experiment to:

τEPh,PdAu =
γ

5Σ
≈ 1·10−7 sK3 ·TE

−3 (4.12)

At the minimum observed electron temperatures of about 100 mK, see Fig. 4.5(a). Accord-
ingly, the electrons emitted energy to the phonon system in scattering processes that took
place every 0.1 milliseconds in average. See reference [126] for even longer time scales of
such processes.

At this point we want to name another possible effect that could influence our experiment,
the hot-electron shot noise [119, 146, 154, 155]. According to literature, shot noise becomes
important when on the one hand the electron-phonon interaction length lEPh exceeds the
length of the resistor and on the other hand the energy of electrons becomes larger than the
thermal energy eV � kBT , V being the voltage across the resistor V =

√
PR.

This shot noise shows a current noise component whose PSD is white at the frequencies
accessible in our experiment. The PSD is proportional to the average current through
the resistor and is thus also proportional to

√
P. Compared to the hot-electron effect, see

Eqn. (4.1), the shot noise would mimic an exponent p = 2. In our experiment, the shot noise
and Nyquist noise PSDs would add. Accordingly, the shot noise can be modeled by a noise
temperature TE,Shot that adds to the thermodynamic electron temperature TE [146]:

TE,Shot = F
2e
√

PR
4kB

(4.13)

Here, the Fano factor F was introduced. F takes a value of
√

3/4, if the resistor is shorter
than lEPh and longer than the electron-electron interaction length [146, 154]. The latter
condition was verified in section 4.2, the electron-electron scattering length stays below
1 µm in our experiment. As already pointed out before, F vanishes if the resistor is much
longer than lEPh.

We also performed measurements at higher bath temperatures. The measurement data
of all series in a higher temperature regime are depicted in Fig. 4.5(b). In both Figs. 4.5(a)
and 4.5(b), we plotted the theoretically estimated shot noise contribution according to
Eqn. (4.13). We have to conclude that we see no dominant influence of shot noise over the
whole measurement range. We will now check the conditions for its occurrence in our case.

The electron-phonon interaction length lEPh, see Eqn. (4.6), can be estimated with
the electron diffusion constant D. With the resistivity of our PdAu layer and data from
reference [135], D yields 16 cm2/s. This leads with Eqn. (4.12) to an electron-phonon
interaction length of lEPh ≈ 13 µmK3/2 ·TE

−3/2. Accordingly, lEPh exceeds the length of our
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resistor below electron temperatures of ≈ 800 mK. From this point of view, shot noise is
likely to occur, see for example Fig. 3 in reference [155].

The comparison of thermal energy and charge energy is not trivial, because of the phonon
cooling. The minimum temperatures in our experiment are in the order of 100 mK, and the
electrons and phonons stay at the same temperature up to a dissipation in the order of picowatt.
Here, the ratio eV/(kB T ) yields about 0.2 and this value grows with higher dissipation.
In this intermediate regime, the total noise of the resistor is described best by the Nyquist
noise with the spatially averaged electron temperature [119, 154]. The spatial dependent
electron temperature is calculated with Eqn. (4.7). In fact Eqn. (4.13) in our assumed limit
was derived on the basis of a similar calculation on a thin resistor with negligible phonon
cooling in the middle of two well-thermalized resistive contacts with TE = TPH [146, 154].
In this case, the cooling in the thin resistor is mainly due to electron diffusion towards its
edges and accordingly there are large temperature gradients along the resistor. The spatially
averaged Nyquist noise leads to Eqn. (4.13) [146, 154].

In our case the contacts of the resistor are of about the same size as the resistor itself
and they are thermally isolated due to the superconducting contact pads. Therefore, large
temperature gradients cannot occur across the resistor. We expect the electron temperature to
be similar to the average temperature in the resistor, even at high dissipated power. This leads
us to the conclusion that direct shot noise does not seem to play a role in our experiment.
Based on this and the fact that we cannot see any evidence for shot noise in our measurement,
we neglect its influence in our analysis. Nevertheless, a minor influence of temperature
gradients within the resistor might be of importance and will be calculated below.

At higher dissipated power P� 1 nW, the exponent p deviates from the low power regime,
see Fig. 4.5(b). The measurement at TB = 740 mK follows p≈ 4.4. In contrary to the already
excluded shot noise, we have two other possible explanations for this deviation.

First of all, the length of the by Nb covered parts of the resistor is equal to the thermal
relaxation length lT at TE = 1 K, see Eqn. (4.9). Accordingly, these parts of the volume do
not fully participate in the cooling above this temperature. A FEM calculation of Eqn. (4.7)
on the real geometry of the resistor is shown in Fig. 4.5(b). For this purpose, we again used
the software Comsol Multiphysics [150]. We defined the geometry in two dimensions with
the data for PdAu from Table 4.1. Simulating the real measurement, we only dissipated power
in the area AR between the Nb connectors. Then we calculated the average of the electron
temperature TE(x,y) over the area between the connectors TR = AR

−1 ∫∫ TE(x,y)dxdy. TR

corresponds to the effective temperature one would observe in a noise measurement. The
result for varying power is shown in Fig. 4.5(b) as the solid line marked with “FEM”. As
one can see, the calculation deviates as expected from the fit for the bulk resistor, which
is shown as a dashed line. At much higher temperature, the behavior is described by a
solution of Eqn. (4.1) with an exponent p = 5 and the volume between the contact pads only.
Nevertheless, the deviation at even higher temperatures is not well explained.

Another influence at high power could be given by the the Kapitza resistance. Combining
Eqns. (4.1) and (4.3) leads to:

TE,Kapitza = 5

√
P

Σ H AR
+
(

P
K AR

+TB
4
)5/4

(4.14)

We also plotted this noise contribution in Fig. 4.5(b). This model could be an explanation for
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the high temperature deviation. At low temperatures, it is of vanishing influence. Furthermore,
at low temperatures the existence of a Kapitza resistance at the boundary between the resistor
and the surrounding SiO substrate is doubtful. As already pointed out in section 4.1.2, a
requirement for the Kapitza resistance is that two distinct phonon populations must exist
in the adjacent materials. With Eqn. (4.4) and the above given data for the speed of sound
in PdAu, one can estimate that the wavelength of the phonons λPh becomes larger than the
thickness of the resistive layer at temperatures below 1.5 K for the longitudinal and below
0.6 K for the transversal phonon system, respectively. Thus, in our measurement regime, the
phonon population in the resistor should be two-dimensional. The theory on the Kapitza
resistance is based on three-dimensional phonon populations.

The phonon dimensionality could have another effect, as mentioned in section 4.1.2. Accord-
ing to reference [123], the exponent p in Eqn. (4.1) changes when the phonon wavelength
becomes comparable to the film thickness. In our experiment and in the work presented in
reference [136], an exponent p = 5 was found in terms of Eqn. (4.1). In both cases, a resistor
of the same alloy PdAu with reduced phonon dimensionality was investigated. Resistors
of the same alloy but with clearly three-dimensional phonons were characterized in refer-
ence [135]. Here, an exponent p = 4 was observed. We conclude that the electron-phonon
coupling in our two-dimensional phonon case could be of p = 4 dependence [135] affected
by the phonon dimensionality in the sense of the work presented in reference [123].

4.3.3 Results on resistors with CFs

We repeated the same experiment on three different configurations of resistors with attached
cooling fins, see Fig. 4.2(b), (c) and (d). To compare our measurement data with the theory
of the electronic thermal transport, we again performed FEM calculations on Eqn. (4.7) in
two dimensions.

In the calculation, the phonon temperature TPh was assumed to be equal to the bath
temperature TB over the whole geometry and to be independent of the power. Naturally,

〈TE 〉= A−1
∫∫

TE dxdy

- averaging TE

- dissipation P
area of:

TE -P characteristicFEM calculation
Geometry, H, ρ ,

Σ, P, TP
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Figure 4.6: Illustration of the FEM calculation on Eqn. (4.7). The grey scale in the picture of the FEM
calculation shows the electron temperature TE from 0.1 K (white) to 0.24 K (black). The dissipated
power P was 0.1 nW and the bath temperature was TB = 20 mK. See text for details.
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Figure 4.7: (a),(b),(c) Measurement data for different bath temperatures TB on resistors with varying
CFs, see Fig. 4.2. The dissipated power P is plotted versus the electron temperature TE . The black lines
are the FEM calculation as described above with the accurate geometry of each configuration and the
bath temperature derived from the measurement. In (b), we also plotted one measurement series of the
stand-alone resistor from Fig. 4.5.

the dissipation term in Eqn. (4.7) was only applied in the area between the contact pads.
The respective parts of the geometry were modeled with the values from Table 4.1. In the
overlapping area of PdAu and Au, dAu ΣAu + dPdAu ΣPdAu and dAu/ρAu + dPdAu/ρPdAu were
used in the respective terms. To estimate the effective electron temperature of the resistor for
each dissipated power, the temperature was averaged in the area between the Nb connectors.
The calculations are illustrated in Fig. 4.6.

Both the FEM calculations and the measurement data for all three configurations are
shown in Fig. 4.7. Note that the only fit used is the one from the last section, the determination
of ΣPdAu. The agreement is very good, which suggests that our experiment is well described
by the electronic thermal transport model. Especially the data for the PdAu layer seem
to be close to the real values. The theoretical Lorenz number L also seems to be a good
approximation.

From Fig. 4.7(b) one can see that the connected cooling fin lowers the temperature as
expected. This supports the conclusion that the superconducting proximity effect in the
area covered by Nb can be neglected, see the last section on the experimental results on the
stand-alone resistor. Above a disspated power of ≈ 100 pW, which is also about the power
dissipation of the SQUIDs that were fabricated on the same wafer, the additional cooling
effect vanishes.

We performed FEM calculations on the different configurations to make the comparison of
the different CFs easier. The result is shown in Fig. 4.8(a). The two CFs of 80×280 µm2 and
37.5×530 µm2 area, thus with a comparable volume, show about the same behavior. The
smaller CF 80×80 µm2 shows a slightly smaller cooling power. We have to conclude that we
could not clearly see a difference between the different attached cooling fins in Au. First we
intended to measure differences according to the dimensionality of the Au fin. Unfortunately,
we underestimated the screening of the weak thermal PdAu connection to the CF.

If one approximates this connection to the cooling fin to be a one-dimensional cooling
fin, the distance to the beginning of the Au cooling fin is roughly 30 µm. The thermal
relaxation length, see Eqn. (4.9), becomes smaller than this value at temperatures TE & 0.5 K.
Above this temperature there is no influence of material connected beyond that distance, see
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Figure 4.8: (a) FEM calculations on all the characterized configurations at a bath temperature
TPh=20 mK. Note that the solid and the dotted line are almost identical. (b) Illustration where
within the geometry the largest fraction of the power is drained to the phonon system. This is calculated
by P−1 ∫ H Σ

(
TE

5−TP
5) dA within each of the indicated parts.

section 4.2. A comparison of the calculation of the resistor with and without cooling fins in
Fig. 4.8(a) supports this insight.

In Fig. 4.8(b), we show a calculation that indicates in which parts of the geometry
the dissipated power is drained to the phonon system. At low dissipated power P, the
whole volume participates in the cooling. This corresponds to the data for P. 10−11 W in
Fig. 4.8(b). Here, the larger fraction of the dissipated power is drained within the cooling
fin. This is due to the fact that the cooling fin also covers the largest fraction of the total
volume. At intermediate dissipated power, the cooling volume is restricted in the sense of
the temperature dependent thermal relaxation length, see Eqn. (4.9). At high dissipation
P& 10−8 W, the largest fraction of the power is drained within the volume of dissipation.

The three regimes as mentioned in section 4.2 are present in the calculation. The
intermediate and high power regimes can also be clearly identified in the measurement data,
see the comparison of the experimental data on resistors with and without the cooling fin
in Fig. 4.7(b). The low power regime, is not accessible at our bath temperatures and other
measurements on resistors with attached cooling fins [73, 145].

A fit of the measurement data on the resistors with cooling fins to Eqn. (4.1) in the
lower range of power dissipation leads to an apparent lower exponent p ≈ 2.5. This is in
agreement with other measurements on resistors with CFs [73, 145]. According to the simple
non-uniform heating model described in reference [73], this is caused by a diffusion of hot
electrons into a cooling volume of one till two dimensions. This is a good approximation of
our geometry. See section 4.2 for more details.

4.4 Conclusions
In this chapter we theoretically and experimentally investigated the hot-electron effect and
its suppressions by attaching a reservoir for “cold electrons”, so-called cooling fins.

In section 4.1, the important theories and encountered effects are mentioned. In summary,
the hot-electron effect is determined by several concepts that cannot be strictly separated.
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First of all, there are different theories on bulk resistors that predict a varying exponent p in
the electron temperature to dissipated power function P∝ TE

p. This value of the exponent
ranges from 4 to 6, depending on the disorder of the sample and the origin of this disorder.
Furthermore, the dimensionality of the phonon system in the resistor can alter on the one
hand the exponent p and on the other hand it has an influence on a possible thermal resistance
of the phonon system in the resistor to adjacent materials.

In section 4.2, we described the behavior of cooling fins attached to a dissipating resistor.
One can basically expect three regimes of cooling behavior. At low temperatures, the
complete volume of resistor and attached cooling fin participates in the cooling of hot
electrons. At intermediate temperatures, the cooling volume is restricted in the sense
of the temperature dependent thermal relaxation length. At high temperatures, only the
volume of dissipation takes part in the cooling of hot electrons. A temperature dependent
thermal relaxation length from the calculation of an idealized one-dimensional cooling is a
good approximation for the involved cooling radius. This is demonstrated by a numerical
calculation on a finite one-dimensional cooling fin.

In section 4.3, we present heating experiments on thin-film resistors made of PdAu. This
is achieved by means of controlled power dissipation in the resistor combined with noise
thermometry. The noise was measured using a SQUID amplifier. The typical setup for this
measurement [13, 73, 145] was extended by a high-pass filter capacitance. This constricts
the dissipated power to the resistor of interest and allows the extraction and compensation of
the additional noise of the readout system.

In section 4.3.2, we show the experimental results on a thin-film resistor made of
PdAu without a cooling extension. We found the typically observed exponent p = 5. The
measurement data do not show an influence of the Kapitza resistance or shot noise. We
therefore conclude that we directly measured the energy transfer between the electron and
the phonon system. Because our sample is certainly in the dirty limit, the exponent p = 5 is
in contradiction to theory. A comparison with results reported in literature on resistors of
the same alloy [135, 136] but of different thickness led to the conclusion that the exponent
p = 5 could be influenced by the dimensionality of the phonon population in the shunt
resistor [123].

In section 4.3.3 we numerically and experimentally studied configurations of resistors
with attached cooling fins. The measured data are well approximated by numerical calcula-
tions on the thermal heat conduction within the geometry.

For the investigated layout of resistors with cooling fins, the additional cooling effect vanishes
for typical power dissipation of our SQUIDs. To minimize the effective electron temperature
in resistors with attached cooling fins we conclude:

1. The volume of the resistor itself has to be maximized. If there is a choice in material,
also Σ should be maximized. Naturally, this directly lowers the electron temperature
of the resistor and of the temperature on the boundary to an adjacent cooling volume.
This has the additional effect of an increased thermal relaxation length, see Eqn. (4.9),
which in turn makes larger parts of the cooling fin accessible.

2. The largest possible amount of metal should be situated as close as possible to the
volume of dissipation. The effective cooling radius is given by the thermal relaxation
length.

100



4.4. Conclusions

3. Following from the Wiedemann-Franz law, a material with a lower resistivity further
increases this length scale, see Eqn. (4.9).

Furthermore, the employment of bulk resistors could be beneficial. Another approach
we want to name here would be an active cooling by means of tunneling effects [119].
Nevertheless, the damping effect of the shunting resistor of the Josephson junction must be
maintained. This complicates the implementation of these techniques.

The numerical calculations on the electronic thermal transport turn out to be a useful tool
for the thermal design of superconducting electronics. This will be applied in chapter 5.
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Chapter 5

Design and characterization of
dc-SQUID amplifiers

In this chapter we want to summarize the results of our design and characterization process
on SQUIDs with a long integrated input coil. The developments are intended for a utilization
in the MiniGRAIL project, see section 1.5 on page 16. The requirement is a best reachable
sensitivity with an input inductance in the order of LIN ≈ 1.5 µH. Because an operation in
the sub-Kelvin temperature range is planned, we attached cooling fins to the shunt resistors
of the SQUIDs. Furthermore, the readout of the capacitive transducers of MiniGRAIL has to
be achieved with SQUIDs operated in a flux-locked loop (FLL).

There are many parallels to the preceding chapters of this thesis. In chapter 2, we analyze
the low noise operation of SQUID sensors. The results give insight into the operation of a
SQUID system with a capacitive input circuit and can accordingly be used to define some
special requirements for MiniGRAIL. The minimum equivalent input noise temperature
is not needed for MiniGRAIL. The achievable values in the kHz frequency regime are in
the order of µK [156], which is several orders of magnitude below the intended operation
temperature of 20 mK. The more interesting properties for MiniGRAIL are the bandwidth
and the stability. From the analysis of chapter 2 follows that an increased bandwidth of the
SQUID operated with a high quality factor input circuit requires a minimum coupled energy
resolution εVV /k2. Furthermore, the stability in FLL requires a minimum coupling between
the feedback and the signal coils of the SQUID or further compensation measures. Naturally,
the investigation of the properties of a SQUID with a long integrated coil shown in chapter 3
is of importance here. The large required input inductance clearly leads to the long coil limit.
In this chapter, several effects also presented in the numerical analysis of chapter 3 will be
investigated. In chapter 4, we studied the possibilities to reduce influences of the hot-electron
effect by means of passive cooling. The minimum required energy resolution combined with
the sub-Kelvin operation temperature led to the work presented there. In this chapter, we
will evaluate our SQUID designs from this point of view.

Here, we will first give a brief description of the employed fabrication technology for our
SQUID designs and the employed modeling and experimental techniques.

In section 5.4, we will present the design and performance of our first developed SQUID
sensors. The observed effects partly led to the work presented in the preceding chapters. On
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the one hand, these were unusual characteristics that could not be explained by the standard
SQUID theory. On the other hand, we investigated the noise behavior of a SQUID at low
temperatures which was dominated by the hot-electron effect.

The gained experience of designing, modeling and characterizing SQUIDs was used in a
second design step, which will be presented in section 5.5. We will conclude this chapter
with an outlook and recommendations for possible further improvements.

5.1 Description of the used fabrication technology
Our SQUID designs include integrated thin-film coils with a 3 µm width of the winding and
spacing between the windings. The total length of all windings of the coils reached several
centimeters. The stable fabrication required for such structures was the main reason for our
decision to make use of a commercial process. All designs were fabricated in the “LTS
SQUID” process of the foundry at the IPHT Jena [77].

The Josephson junctions are of superconducting-insulating-normalconducting-super-
conducting Nb−Al2O3−Al−Nb type. The layout gives a minimum possible size of the
Josephson junctions of 3.5×3.5 µm2. The Josephson junctions of all the SQUIDs shown
in this chapter use this minimum size. The effective size in a fabricated device is given
by 3.2×3.2 µm2 [77]. Therefore, the critical current reads I0 = 3.2×3.2 µm2 J0. Critical
current densities J0 between 10 and 1500 A/cm2 can be fabricated with a global tolerance
of about 20 % [77]. Within one chip the tolerance of J0 is given by 5 %. The dimension
of all our chips was 2.5× 2.5 mm2. A value of 0.05 pF/µm2 is given for the capacitance
of the Josephson junction [77]. We used a value of C ≈ 0.6 pF based on the defined size of
the Josephson junction, which was chosen to the minimum possible area. To reach a non-
hysteretic operation of the Josephson junctions, they have to be shunted externally. Therefore,
a resistive PdAu layer is available, which does not show superconducting properties. The
sheet resistance of the standard 115 nm thick PdAu layer is 4 Ω. The superconducting
structures can be formed in two Nb layers. Josephson junctions are put between these two
layers, the resistive layer can only be contacted from the top electrode.

The integrated coils are placed in the upper Nb layer. As mentioned above, the width of
the coil wire and the spacing between different wires is 3 µm. The properties of the strip line
formed by the input coil and the washer, which typically defines the SQUID inductance, are
of importance for a realistic model of the SQUID. Using the thickness of the insulating SiO
layer of 800 nm between the upper and the lower Nb layer and using a relative permittivity
er of 6.5, we estimate [108] the distributed inductance L′ST and capacitance C′ST of the coil
microstrip line as 2.5·10−7 H/m and 3.6·10−10 F/m, see equations (3.20) and (3.21) on
page 62. The fringe factor K reads ≈ 1.7 [108].

5.2 Modeling techniques
For SQUIDs, the most important property of a layout is the inductance of fabricated structures.
All our SQUIDs are based on the washer structure [76]. For a detailed description see
section 3.3 on page 60. Although the inductive properties of the real washer are known quite
well, see Eqns. (3.15)–(3.20) on page 61, there are many uncertainties in a practical layout.
The slit inductance LSL can differ from design to design. There are parasitic inductances
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associated with connections of multiple washers, the Josephson junctions, its shunt resistors
or other damping resistors within the design for example.

A precise prediction of all these properties of the structures in the SQUID is not simple.
One would need to determine all self-inductances within each of the branches of a simplified
schematic of the SQUID. Furthermore, mutual inductances could play a role. For a precise
determination of these properties, numerical field calculations are indispensable [157–160].

We used the numerical inductance calculation software Fasthenry [161] with an extension
that includes the London equations. It can therefore model superconductors [160]. We did
not include the complete SQUID design in these calculations but used it to determine
the inductance on simplified test structures. The slit inductance was for example usually
determined to about LSL

′ ≈ 0.4 to 0.5 pH/µm, depending on the width of the washer w and
possibly located return paths of the coil within the slit, see Fig. 3.7 on page 61. We also used
Fasthenry to estimate the inductances of interconnections between washers or the parasitic
inductances of connected damping resistors.

The radio frequency (RF) properties of washer structures are of special importance because
of their direct influence on the SQUID dynamics, see section 3.3 on page 60. The modeling
process of a washer with integrated coil was summarized in section 3.3.1 on page 62, which
is based on the work of Enpuku et al. [82]. The RF properties can be determined numerically
using the parameters of the coil microstrip line L′ST and C′ST , the length of each of the
windings of the coil, the slit inductance LSL and the hole inductance of the washer LH .

Naturally, it is interesting to numerically study the behavior of a SQUID model extracted
from the layout. A simulation of a SQUID including the complete model of the washer
structure, see Fig. 3.7(b) on page 61, is possible [84]. We used the software JSIM, see
section 3.1 on page 43, which also includes the model of a lossless transmission line.
Accordingly, the behavior of every single winding of integrated coils could be included in the
simulation. Because of our many-turn SQUID designs, this would increase the complexity
of the simulation significantly. Therefore, we fitted the impedance Z̄W of each of the washers
of the SQUID designs to a simplified model as shown in Fig. 3.7(c). On the one hand, this
simplified model does not include harmonics of the two fundamental resonances, the coil
resonance and the washer resonance. Furthermore, the influence of a connected input circuit
cannot be modeled accurately. On the other hand, it is able to fit the resonance frequencies
and the most important property, the effective inductance LW,RF above the coil resonance.

5.3 Experimental techniques

The experiments shown throughout this chapter were partly performed using our own
facilities at the University of Twente. The measurements at sub-Kelvin bath temperatures
were done at the Kamerlingh Onnes Laboratory at Leiden University, in collaboration with
the MiniGRAIL team.

We used a variety of SQUID electronics. Besides self developed electronics from the
University of Twente with an equivalent input voltage noise with an amplitude spectral density
of ≈ 1.9 nV/

√
Hz, we also employed commercially available SQUID electronics from Star

Cryoelectronics [162] and Supracon [152] with an input voltage noise of ≈ 1.8 nV/
√

Hz and
≈ 0.4 nV/

√
Hz, respectively. Naturally, all of the electronics allow the direct readout of the
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SQUID sensor. All of them also include a flux-locked loop (FLL) setup as shown in Fig. 1.7
on page 15.

Such typical values of the input voltage noise of room temperature electronics would
degrade the sensitivity of the SQUID in direct readout, especially for the minimum tem-
perature experiments, see Eqn. (1.31) on page 14. Therefore, we employed a two-stage
SQUID setup, see Fig. 1.6(b) on page 14. We typically used an amplifier SQUID with a
relatively high mutual inductance M2, and a low bias resistance RB compared to the output
resistance of the first stage SQUID GV I,1st. The resulting high gain originating from the
additional amplifier stage GV 1,V 2, see Eqn. (1.32) on page 14, allows the elimination of the
noise of the room temperature electronics. On the downside, this typically leads to multiple
modulations of the second stage SQUID. This kind of operation is not recommended in a
long-term measurement because on the one hand, multiple locking points are possible, and
on the other hand, the linear flux-range is reduced. This leads to problems in applications
where a high slew-rate [88] is required. Nevertheless, for research on the minimum noise
parameters of a given SQUID, it is suitable. One can characterize a large variety of working
points, also at low flux-to-voltage transfer GV Φ ,1st. As a practical note we want to point out
that it is important to adapt the bandwidth of the FLL to the maximum stable bandwidth [88],
see Eqn. (1.35) on page 15 and the subsequent discussion. For working points with high
values of GV 1,V 2 GV Φ ,1st, one has to lower the gain of the amplifier GAMP or increase the
time constant of the integrator τI for example.

For a low noise operation, the SQUID has to be shielded against external interferences.
During all the measurements shown here, the SQUIDs were situated within a Nb module
in combination with an additional ferromagnetic shield. In the electrical connections to the
SQUID, passive resistive, inductive and capacitive filter networks were placed. These filter
elements were partially situated in the cryogenic environment. To achieve a high bandwidth
in FLL operation, see section 1.4.2 on page 13, a more modest filtering has to be used on the
readout voltage and feedback lines.

5.4 Results from our first designs

5.4.1 Overview of the design process

For our first SQUID designs, we joined a fabrication run with a critical current density of
J0 = 110 A/cm2. This leads to I0 = 11.3 µA for the minimum-sized Josephson junction.

The main optimization criteria were, due to the intended application in MiniGRAIL,
a nominal input inductance LIN = 1.6 µH with the lowest possible energy resolution εVV ,
see Eqn. (1.20) on page 11. This design policy was changed during the second design
step. According to the analysis presented in chapter 2, the coupled energy resolution
εVV /k2 = SΦ ,VV LIN/(2M2) is the most important parameter for a low noise operation in
most applications. In the case of the readout of the capacitive transducers of MiniGRAIL,
a low coupled energy resolution εVV /k2 leads to a larger bandwidth around the electrical
resonance frequency, see sections 1.5 and 2.5.3 on pages 16 and 34.

The optimization was based on the one hand on the standard formulas for the inductances,
see Eqns. (3.15)–(3.20) on page 61. On the other hand, we relied on the standard SQUID
approximation, see Eqn. (1.24) on page 11. To avoid hysteresis in the Josephson junctions, we
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chose βC ≤ 0.7. We were well aware that there are resonances in the coil structures. Therefore
we calculated the corresponding fundamental resonances and shifted the intended Josephson
frequency far away from these resonances. We therefore used the usually given rule-of
thumb [116] for this type of sensors, see Eqn. (3.28) on page 72. Compared to Eqn. (3.28)
we did not use the safety factor of 4. We believe that the washer resonance frequency can be
determined quite well and therefore, we decided to choose a more advantageous factor of 2
instead. The implications will be discussed at the end of this section.

We added a damping resistance RD of the size of the shunt resistance of the Josephson
junction RD = R in parallel to the SQUID inductance. This might help to damp resonant
states within the SQUID design [106], see the discussion in section 3.3.4 on page 71.

Because of the intended operation in the sub-Kelvin temperature range, the additional
Au layer for the cooling fins was included in the fabrication process. All shunt resistors
of our SQUIDs were extended with a cooling fin to reduce the hot-electron effect. The
measurements presented in chapter 4 were performed on test-structures that were also located
on the same wafers as our first SQUID designs.

5.4.2 SQUID with an integrated flux transformer

One design approach for SQUIDs with a high input inductance is the SQUID with an
integrated flux transformer [111, 117]. A photograph of a fabricated device as well as a
simplified schematic are shown in Fig. 5.1.

The reason for choosing this layout is the large difference between the SQUID inductance
and the input inductance. The SQUID inductance LSQ with βL = 1 would be ≈ 90 pH with
the given critical current. This is about four orders of magnitude below the intended input
inductance of LIN ≈ 1.5 µH. A direct integration of the large required number of windings
on a single-washer SQUID while maintaining the given values of the inductances LSQ and

L4

L3

L2/2

L1/2
M12/2

L2/2

L1/2
M12/2

RD

M34

SQUID
cooling fins

0.2 mm

gradiometric input coils

(a) (b)

L4

L2/2 L2/2

A

Figure 5.1: (a) Photograph of the SQUID with integrated flux transformer. (b) Simplified schematic
for low frequencies. The transformer loop L2-L3 is on one side coupled to the gradiometric input coil
L1 with N = 60 turns each. On the other side it is coupled to a SQUID with inductance L4. A feedback
line which directly couples to the SQUID inductance L4 is not shown for simplicity.
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LIN is not possible with the given technology. This discrepancy can be overcome by using a
double transformer as shown in Fig. 5.1(b). The disadvantage of this design is that in practice
one ends up with a lowered total coupling efficiency k2 . 0.5 [117].

Naturally, the effective inductances are altered by the intermediate loop containing L2

and L3. For the configuration as shown in Fig. 5.1(b), the effective low-frequency parameters
of the SQUID inductance, input inductance and mutual inductance are given by [111]:

LSQ = L4−
M34

2

L2 +L3
(5.1)

LIN = L1−
M12

2

L2 +L3
(5.2)

M =
M12 M34

L2 +L3
(5.3)

To reduce interference of external signals, we chose for a gradiometric configuration of the
pickup inductances L1 and L2. A detailed description of the design will be given below.

First experimental results

Our first experimental results on this SQUID design [36] were performed in Leiden University.
The measurements were performed in a dilution refrigerator using the electronics from Star
Cryoelectronics. In Fig. 5.2, we show experimental flux–voltage characteristics obtained at
two different bath temperatures TB = 4.2 to 0.3 K.

As one can see by comparing the two graphs, the (apparent) flux-to-voltage transfer
GV Φ is getting very high. We estimated values of up to ≈ 800 µV/Φ0 at the lower bath
temperature and critical current. This is about an order of magnitude higher than values from
the standard approximation formula, see Eqn. (1.27) on page 11.

Measurements on the additional flux noise
√

SΦ ,VV in a two-stage setup showed a value
of 1.4 µΦ0/

√
Hz at a bath temperature of TB = 4.2 K and operation voltages of≈ 10 to 20 µV.
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Figure 5.2: First experimental examination of the characteristics of the SQUID with integrated flux
transformer. We show flux–voltage characteristics with varying bias current I and bath temperature
(a) TB = 4.2 K and (b) TB = 0.3 K. The arrows cross the characteristics with varying bias current
I in the indicated order. The input coil was shunted with a series resistance-capacitance element
(30 Ω − 1 nF). The flux axis was determined from the measured current through the feedback line with
a fitted mutual inductance MFB,SQ = 104 pH. The external flux ΦE is shifted by constant magnetic
fields that are present in the setup.
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Beforehand, the noise was optimized by connecting a series resistance-capacitance element
(30 Ω − 1 nF) in parallel to the input coil [112]. At lower bath temperatures, no considerable
improvement of the flux noise was found at this bias point. This unusual SQUID behavior
was unexpected, so we turned our attention to a more detailed modeling and numerical
simulations of the designs [36]. This decision led to the work presented in chapter 3.

Model of the SQUID

It turned out that the most important property of the SQUID structure is given by the
impedance of the washer with the long integrated coil, as depicted in Fig. 5.3(a). Here,
one can see the calculated impedance [82] of the pickup washer L2/2 in Fig. 5.1(b). See
section 3.3.1 on page 62 for more details on the calculation. The dimension of the square
hole of the washer is 235 µm. Accordingly, the hole inductance is 370 pH, see Eqn. (3.15)
on page 61. The slit inductance of the covered parts of the washer with a length of 370 µm
was estimated to 140 pH. The input coil inductance L1 of the two gradiometric coils in series
and their mutual inductance M12 were estimated with Eqns. (3.17)–(3.18), see page 61, to
3.1 µH and 53 nH, respectively.

As pointed out in section 3.3.1 on page 62, there are two fundamental resonances. The
coil resonance, see marker B© in Fig. 5.3, is located far below typical Josephson frequencies
of the SQUID, see the upper axis in Fig. 5.3(a). This is caused by the large total length of the
60 windings of about 0.15 m. The washer resonance frequency is close to the expected value
of 18 GHz from Eqn. (3.23), see page 63.

To allow a numerical simulation of this configuration, we fitted the impedance of this
washer with the lumped circuit element model, see the dashed line in Fig. 5.3(a). In the total
model shown in Fig. 5.3(b), the two fitted networks corresponding to the resonances are
again marked with B© and C©. A residual inductance above the two fundamental resonances
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Figure 5.3: (a) Impedance of the washer, L2/2 in Fig. 5.1, with the floating and open integrated coil
L1/2. Complete model calculation (solid) and fitted lumped circuit model (dotted) with a high quality
factor Q = 1000. The fitted elements are B© LR,C = 470 pH, CR,C = 19 nF and C© LR,W = 19 pH,
CR,W = 3.8 pF. The upper axis shows the corresponding voltage. (b) Model of the SQUID with
coupled transformer. Noise sources are not shown for simplicity, they are attached to RD and the two
resistances R. The quality factor of the two resonances was set to QR,C = RR,C

√
CR,C/LR,C = 1 and

QR,W = RR,W
√

CR,W /LR,W = 1000. See the text for details.
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is included in LP1. Furthermore, LP1 also includes the parasitic inductance 50 pH caused by
the connecting leads between the two gradiometric washers. This value was estimated using
simplified test structures in Fasthenry [160].

The connection of the SQUID and the two gradiometric washers was done in form of a
10 µm wide and 390 µm long microstrip line, see the transmission line marked with A© in
Figs. 5.1(a) and 5.3(b). Its total inductance and capacitance were estimated [108] to 37 pH
and 0.36 pF, respectively. The coupling coil to the SQUID has only two windings, the
estimated coil inductance is at a frequency higher than the washer resonance frequency of
the big coupling washer in the transformer loop. For simplicity, we ignored its influence and
modeled the pure inductive behavior only.

The dimension of the square hole in the SQUID washer is 120 µm. Including the estimated
parasitic inductances of the slit and the Josephson junctions, the calculated inductance of the
uncoupled SQUID L4 is 250 pH. The mutual inductance was calculated to M34 = 400 pH and
the inductance of the coupling coil L3 with two windings to 1010 pH. A parasitic inductance
in series with the damping resistor was estimated to LP2 = 60 pH which is caused by the
connecting microstrip line crossing the slit.

All the just mentioned elements have an influence on the corresponding inductances of the
total SQUID at low frequencies, see Eqns. (5.1)–(5.3). The resulting properties as well as
some important SQUID parameters are summarized in Table 5.1. The value βL,RF represents
the effective screening parameter above the coil resonance. Furthermore, we show measured
data obtained during our first experimental investigation presented above. The measured data
for R, I0 and M are close to the design values.

Experimental verification of hysteresis caused by an integrated input coil

Because of the coil resonance, see marker B© in Fig. 5.3, the screening parameter is changing
from βL ≈ 1.8 at low frequencies to effectively βL,RF ≈ 1.1 in the voltage state, see Table 5.1.
According to the results of section 3.3.2 on page 63, this leads to a voltage hysteresis. Because
of the relatively small change in inductance, the flux hysteresis is not present in this system
or any other SQUID presented in this chapter.

During the measurements on the hot-electron effect presented in chapter 4, we used a
SQUID of this design as the amplifier for the noise thermometry. The measurements were
performed in direct readout and therefore we could specifically search for the phenomenon.
In this case, we used the Supracon electronics [152].

Figure 5.4(a) depicts the re-examined flux–voltage characteristics which indeed showed
a hysteretic behavior. This only became visible at this low bath temperature TB = 0.1 K
(Γ = 0.0004). Note that here, the effective electron temperature is strongly dependent on the

Table 5.1: Design and experimental values of the SQUID with integrated flux transformer.

I0 R LSQ LIN M k2 βL βL,RF C βC
[µA] [Ω] [pH] [µH] [nH] [pF]

design 11.3 5.7 170 1.8 10 0.3 1.8 1.1 0.6 0.7

measurement 12 5.0 8.7 1.9a 1.2a 0.6a

a using the design values of LSQ or C
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Figure 5.4: (a) Experimental re-examination of the characteristics of the SQUID with integrated
flux transformer at TB = 0.1 K. We show flux–voltage characteristics with varying bias current.
Hysteretic transitions are indicated with arrows. The input coil was shunted with a series resistance-
capacitance element (50 Ω − 1 nF) as well as the resistor and capacitor as shown in Fig. 4.3 on page 92.
(b) Numerical simulation of the model shown in Fig. 5.3 at T = 0.1 K. The capacitive and inductive
properties as given above were used. The experimental R and I0 from Table 5.1 were applied. The
quality factors of the two fundamental resonances were set to QR,C = 1 and QR,W = 1000.

state of the SQUID. In the superconducting state it equals the bath temperature TB, whereas
in the voltage state it is considerably increased due to the hot-electron effect, see chapter 4.

During the measurement, we changed the external flux via the feedback coil. The
frequency of this sweep was in the kHz range. The wideband noise had to be reduced by
means of a low-pass filter. The characteristic for each bias current shown in Fig. 5.4(a) was
obtained by a whole period of one single sweep of the external flux. Accordingly, the flux is
varied in two directions. The transition from superconducting state to the voltage state and
back follows the paths as indicated by arrows in Fig. 5.4(a), independent on which slope the
preceding transition took place. Also note that the hysteresis is not an artefact originating
from a delay of the low-pass filter.

We are not sure why we did not observe the hysteresis during the first measurement, see
Fig. 5.2(b). One reason could be the three times lower bath temperature. Furthermore, there
could also be an external interference from the lab environment which caused a permanent
random switching. It could also be an effect related to the changed readout electronics.

The observed behavior fits the expectations from the results shown in section 3.3.2, especially
see Fig. 3.10 on page 66. Once the still superconducting SQUID reaches the critical current,
which is dependent on βL, it switches to the voltage state. The dynamics in the voltage
state are determined by the model of a reduced SQUID with the reduced SQUID inductance
LSQ,RF and the reduced screening parameter βL,RF . The point of switching back to the
superconducting state is determined as presented in section 3.3.2. Naturally, thermal noise or
external interferences can cause a transition between the two states.

This effect was observed in a number of numerical simulations on SQUIDs with parasitic
capacitances [78–80, 109, 110], but to our knowledge this is the first experimental observation
of such a behavior. As one can see from the results of chapter 3, see especially section 3.3.4
on page 71, this hysteresis cannot be avoided if one needs a SQUID with a comparably large
input inductance and a high coupling efficiency k2. Note that although the coil resonance
frequency occurs at a corresponding voltage of V ≈ 0.1 µV, see marker B© in Fig. 5.3, it still
affects the whole voltage range up to V ≈ 20 µV.
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In Fig. 5.4(b), we show a numerical simulation on the model of the SQUID with integrated
flux transformer, see Fig. 5.3(b). The simulated characteristics show a very similar hysteretic
behavior. The simulation was done similar to the ones shown in Fig. 3.10 on page 66. Each
working point was simulated two times, once the SQUID was brought into the working point
from the superconducting state and once it was beforehand put in the voltage state. The
voltage was low-pass filtered with a corner frequency of 100 MHz and the shown mean
voltage was determined by integrating over in total 0.1 µs. The quality factor of the coil
resonance QR,C was reduced in the simulation to suppress initial transients.

Besides the hysteresis, there are other features in the characteristics that might have been
identified. In the voltage range 30 to 40 µV one can see a large voltage step in the simulation,
see marker C© in Fig. 5.4(b). This is caused by the washer resonance, see marker C© in
Fig. 5.3(a). In the measurement, see Fig. 5.4(a), the characteristics also show an irregularity
at about the same voltage region. Here, the influence seems to be much smaller. This
discrepancy could be explained by a much smaller quality factor QW,R � 1000 of the
resonance in the real device because of dissipative elements in the microstrip line of the coil
at such high frequencies.

In the voltage region 50 to 70 µV both the simulation and the measurement show strong
irregularities, see marker A© in Fig. 5.4. Here, the capacitance of the microstrip line marked
with A© in Figs. 5.1(a) and 5.3(b) is resonating with the residual inductances of the coupled
transformer loop. Furthermore, the coil resonance of the two-winding coupling coil to the
SQUID is situated in the same voltage region. This is not included in the model, but should
also have an influence on the experimental characteristics.

The voltage range of the resonance between the capacitance of the Josephson junctions
and the residual SQUID inductance, see marker E© in Fig. 5.4, does not fit very well. This
indicates that there are still uncertainties in the model.

The marker F© in Fig. 5.4(a), indicates the working range we typically used for the
measurements shown in chapter 4 or later performed two-stage measurements where this
SQUID was used as an amplifier SQUID.

5.4.3 The first SQUID with a parallel washer configuration
During the first run we added another design, the SQUID with a parallel washer configuration.
It is an adaption of a layout especially created for a reduced mutual inductance between
the feedback and the signal coil systems MFB,SQ [163]. According to the discussion in
section 2.5.3, see page 37, this decreases problems with stability of the SQUID operated
in FLL with a capacitive input circuit. Sensors based on this layout were investigated in
detail, see for example references [27, 156, 164]. A coupled energy resolution of εVV = 52 h̄
was reached for a sensor with an input inductance LIN of 1.6 µH [156]. For this design, also
the minimum reachable noise temperature, represented by ε0, was determined. By coupling
the sensor to a high quality factor capacitive input circuit, see section 2.5.3 on page 34, and
measuring the back-action noise of the SQUID, ε0 was estimated to 27 h̄ [156].

In Fig. 5.5(a), one can see a photograph of our first adaption of the same basic layout.
The design consists of four washers, two with an integrated feedback coil and two with an
integrated signal coil. Each of the coils is in a gradiometric configuration to its counterpart.
The balanced layout of the washers reduces the parasitic mutual inductance MFB,SQ to
nominally zero [163]. As one can see from the simplified schematic in Fig. 5.5(b), one
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Figure 5.5: (a) Photograph of the first SQUID with a parallel washer configuration. The inset shows a
magnification of the middle part. (b) Simplified schematic for low frequencies. The four gradiometric
coupling coils are not shown for simplicity.

feedback and one signal washer are connected in series. The two gradiometric branches are
then connected in parallel to the Josephson junctions. The bias current is symmetrically fed
into the SQUID via two resistor RSPL that are integrated on the chip. This is in difference to
the original design, where this symmetrical splitting typically has to be done on an external
printed circuit board. We also added a contact that allows a direct readout of the SQUID
voltage V without a constant offset 1

2 RSPL I caused by the bias current.
Because of the parallel connection of the two identical branches, the effective SQUID

inductance is LSQ = 1
2 (LSIG +LFB). The two coupling coils LIN,SIG, which are not shown

in Fig. 5.5(b), are connected in series. Accordingly, the effective input inductance of the
design reads LIN = 2LIN,SIG. The effective mutual inductance is the value of a single washer
M = MSIG.

In contrast to the original design, we implemented the series connection of the two signal
coils and the two feedback coils on-chip. This can be seen in the magnified photograph of
the middle part of the chip shown in Fig. 5.5(a). Also in this design we attached cooling
fins to the shunt resistors and added a resistive shunt RD = R across the effective SQUID
inductance to damp possible resonant states.

Model of the SQUID

In analogy to the behavior of the SQUID with integrated flux transformer, we observed
unexpected effects during the measurement [36]. This will be shown below. Accordingly,
we also re-examined the layout of this SQUID to create a more detailed model. Again we
calculated the radio frequency impedance of the two integrated washers. The result is shown
in Fig. 5.6(a). We show the direct calculation of the signal washer with the integrated coil
(solid line) as well as the fitted impedance (dotted line). The series connection of the fitted
impedances of the feedback and the signal washer are shown as a dashed line.

The coil integrated on the signal washer consists of 70 windings around the square hole
of 60 µm dimension. The total length of the coil was estimated to 0.14 m. Accordingly, the
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Figure 5.6: (a) Impedance of the signal and the feedback washer with the floating and open integrated
coil. Complete model calculation for the signal washer (solid), its fitted lumped circuit model (dotted)
and the fitted series impedance of both washers (dashed) with a high quality factor Q = 1000. The fitted
elements are H© LR,C,SIG = 210 pH, CR,C,SIG = 17 nF, J© LR,W,SIG = 20 pH, CR,W,SIG = 3.6 pF and I©
LR,C,FB = 40 pH, CR,C,FB = 50 pF. The residual inductance of both washers above the resonances was
fit to 50 pH. The upper axis shows the corresponding voltage. (b) Model of the SQUID. The factor of 1

4
of the fitted washer inductance accounts for the parallel connection of two identical branches with one
signal and one feedback washer connected in parallel, see Fig. 5.5(b), and for the balanced distribution
over the two branches of the SQUID in the model. Noise sources are not shown for simplicity, they are
attached to RD and the two resistances R. The bias splitting network was neglected for simplicity. The
quality factor QR = RR

√
CR/LR of the three resonances was set to 1 ( H©), 1000 ( I©) and 1000 ( J©),

respectively. See the text for details.

coil resonance frequency of the signal washer, marked with H© in Fig. 5.6(a), is located at
very low frequencies compared to the Josephson frequency of the SQUID. The estimated slit
inductance LSL of this washer was determined to 165 pH.

The feedback washer has an integrated coil consisting of 15 windings around a small
hole. The effective low frequency inductance was estimated to LH +LSL = 16 pH+49 pH.
The coil resonance frequency of this configuration was estimated to be at a corresponding
voltage of 8 µV, see marker I© in Fig. 5.6.

To create a simplified model including all these resonances, we assumed that the effective
impedance of the SQUID consists of the parallel connection of two identical branches, see
Fig. 5.5(b), each of them consisting of a series connection of one feedback and one signal
washer. The impedance of this series connection is shown as a dashed line in Fig. 5.6(a).
The parallel connection of the two identical branches is now incorporated into a SQUID
model, see Fig. 5.6(b). Here, the bias splitting resistors RSPL with a design value of 0.5 Ω

have been neglected. As pointed out before, this is not expected to influence the dynamics of
the SQUID because of the high estimated parasitic inductance of 0.3 nH of this branch.

The parasitic inductance LP1 = 85 pH shown in Fig. 5.6(b) accounts on the one hand for
the residual washer inductance of 1

2 50 pH above all resonances H©, I© and J© of both washers.
On the other hand, it also accounts for the estimated parasitic inductance 60 pH originating
from the connecting parts in the middle of the chip. This is caused by the inductance of the
slit containing the two connecting wires of the coils.

114



5.4. Results from our first designs

(a)

I = 36.5, 33.5, 31, 29, 26.5, 23, 22, 20.5, 19.5, 18.5µA I = 32, 30, 28, 26, 24, 22, 20, 18, 16µA

(b)

K

N

L
M

L

N

0

10

20

30

40

50

60

70

0 0.1 0.2 0.3 0.4 0.5

V
[µ

V
]

ΦE [Φ0]

0

10

20

30

40

50

60

70

-1 -0.5 0 0.5 1

V
[µ

V
]

ΦE [Φ0]

Figure 5.7: (a) Experimental characteristics of the SQUID with a parallel washer configuration at a
bath temperature TB = 0.6 K. We show flux–voltage characteristics with varying bias current. The input
coil was shunted with a series resistance-capacitance element (50 Ω − 1 nF). (b) Numerical simulation
of the model shown in Fig. 5.6 at T = 0.6 K. Hysteretic transitions are indicated with arrows. The
capacitive and inductive properties as given in the text and Fig. 5.6 as well as the experimental R and I0
from Table 5.2 were used.

Furthermore, we estimated two parasitic inductances LP2 = 50 pH and LP3 = 50 pH
accounting for the inductance of microstrip lines connecting the Josephson junctions as
well as the damping resistor RD = R in the middle of the SQUID, see Fig. 5.5(a). This
includes parasitic inductances of the crossing of these microstrip lines over the two triple-slit
structures in the middle of the design.

The effective SQUID parameters according to this model are given in Table 5.2. The
screening parameter βL takes a quite high value of 2.9 in this case. This is caused by the
relatively high critical current density for a design with such a high input inductance LIN

of the SQUID. We also give a value for the effective screening parameter at the Josephson
frequency βL,RF above the two coil resonances, between marker I© and J© in Fig. 5.6(a).

Experimental characteristics

In Fig. 5.7(a) we show the measured flux–voltage characteristics of the parallel washer with a
parallel washer configuration. The measurements were done using Star Cryoelectronics [162]
electronics. The bath temperature TB = 0.6 K was reached by a dilution refrigerator. The
voltage was measured using the connector V in Fig. 5.5(b). In Table 5.2 we show experimental
values for R and I0, determined from the current–voltage characteristics, and M, determined
from the direct modulation via the input coil. The agreement is good.

In Fig. 5.7(b) we show a simulation of the model presented above, see Fig. 5.6(b). This
simulation was done at the same temperature. Again, each working point was calculated

Table 5.2: Design and experimental values of the first SQUID in a parallel washer configuration.

I0 R LSQ LIN M k2 βL βL,RF C βC
[µA] [Ω] [pH] [µH] [nH] [pF]

design 11.3 5.6 270 1.5 12.4 0.4 2.9 1.6 0.6 0.65

measurement 11 4.9 11.2 2.8 a 1.6 a 0.5a

a using the design values of LSQ or C
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two times with a different initial state. Once, we started from the superconducting state and
once from the voltage state before sweeping to the working point. The voltage was low-pass
filtered with a corner frequency of 300 MHz and the shown mean voltage was determined by
integrating over in total 1 µs.

During this measurement, we did not see the hysteresis, although it appears in the
simulation. The characterization was done in the same setup as the first experimental
investigation of the characteristics of the SQUID with integrated flux transformer, see
section 5.4.2. Possible explanations are external interferences which lead to a random
switching of the hysteretic state or effects in the SQUID electronics. We did not re-investigate
the hysteretic behavior of this SQUID closer at such low temperatures. Nevertheless, we are
sure that also in this case the hysteresis is present in the lower voltage range. Compared to
the measurements at higher temperatures, the characteristics again became very steep. Also
during the sensitivity measurements, no low noise working points were found in this range.

At voltages of about 25 µV there is a strong irregularity in the characteristics, see
marker K© in Fig. 5.7. This effect is not present in the simulation. One possible explanation is
that here a harmonic of the coil resonance of the feedback washer is excited, see marker I© in
Fig. 5.6(a). In the simulation, its fundamental resonance cannot be seen because it is located
within the hysteretic working range. Another explanation would be that the determined coil
resonance frequency is wrong. Nevertheless, the most plausible explanation is a cross-talk
between the washers. In this design, we tried to reduce the inductance by covering the slits
of the connecting parts of the washers with small strips in the upper Nb layer, see marker G©
in Fig. 5.5(a).

The washer resonance of the signal washer leads again to very strong distortions in the
simulated characteristics, see marker L© in Fig. 5.7(b). This is caused by the high quality
factor of 1000. In the measurement, one can see much smaller irregularities in the range of
30 to 40 µV, which we address to the washer resonance of the signal washer. In accordance
to the SQUID shown in the last section, the quality factor of this resonance could be reduced
in the real device. Such irregularities are hard to spot in the characteristics, but also the
measured sensitivity was degraded in this voltage range.

The point of the resonance between the residual SQUID inductance and the capacitance
of the Josephson junctions is in good agreement between the measurement and the simulation,
see marker N© in Fig. 5.7.

Experimentally reached sensitivity

To determine the sensitivity, we used a two-stage setup, see Fig. 1.6(b) on page 14. As
the second stage SQUID, we used the SQUID with integrated flux transformer presented
above. Because of the relatively large mutual inductance M = 8.7 nH of the second stage
SQUID, we had to use another filter inductance in series with the input coil of the second
stage. We used the connector I in Fig. 5.5(b) and a bias resistor RB of 0.5 Ω. The two-stage
SQUID setup was put in a shielding Nb module within the mixing chamber of the dilution
refrigerator.

The general performance was similar to the SQUID with integrated flux transformer.
First we optimized the noise of the SQUID in the lower voltage range at a temperature of
4.2 K by means of damping elements attached to the input coil. After cooling down, it again
turned out that the noise behavior was of non-thermal origin. Some low noise points could
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Figure 5.8: (a) Measured flux noise of the SQUID with a parallel washer configuration with changing
bath temperature. The working point was close to marker M© in Fig. 5.7(a). The input coil was shunted
with a series resistance-capacitance element (50 Ω − 1 nF). The minimum noise and a fitting curve of
the data between 800 mK and 3 K are shown as indicated. The axis with the coupled energy resolution
εVV /k2 was calculated with the experimental value of M and the design value of LIN , see Table 5.2.
(b) Determined effective electron temperature TE versus the bath temperature TB in the shunt resistor
for a power dissipation P=0.6 nW. This was determined by a FEM calculation (solid line). The data
from Table 4.1 on page 91 as well as the layout of the shunt resistor were used. The dashed line shows
a direct calculation with Eqn. (4.1) on page 84 using p = 5 and the area of the resistor between the Nb
contact pads of 21×15 µm2.

partly not even be operated in FLL after lowering the temperature. We now know that we
tried to measure the noise in the hysteretic regime of the characteristics.

Nevertheless, in the case of the SQUID with a parallel washer configuration, we found a
stable working point in the region of the characteristics marked with M© in Fig. 5.7(a). In
Fig. 5.8, we show the measured flux noise at this working point. Each of the points was taken
by first stabilizing the bath temperature and then measuring the white flux noise above 1 kHz
in FLL operation. The bath temperature was determined similar to the experiments presented
in chapter 4. By switching off the first stage SQUID, one can determine the Nyquist noise
of the resistors 1

2 RSPL +RB in the input loop of the second stage SQUID. This noise was,
similar to the experiments shown in chapter 4, used to determine the temperature in the
SQUID module. Note that we found one more stable working point at even higher voltages,
but here the sensitivity was slightly worse.

As the fit indicates, the noise scaled almost linearly in a temperature regime down to
a bath temperature of ≈ 0.6 K. For an unknown reason, this fit does not scale perfectly to
the highest bath temperature of 4.2 K. Here, a flux noise of 2.1 µΦ0/

√
Hz was measured.

Furthermore, the fit indicates a comparably small excess noise. One possible explanation for
this is the input noise of the room temperature electronics, which we estimated to be in this
range. The typically achieved gain GV 1,V 2 of the two-stage setup, see Eqn. (1.32) on page 14,
was in the order of 20.

Below bath temperatures TB of 0.2 K, the noise of the SQUID did not improve further.
Here, the measured flux noise was 0.84 µΦ0/

√
Hz. This corresponds to an equivalent input

noise current of
√

SΦ ,VV /M = 155 fA/
√

Hz. Using the experimental value of M and the
design value of LIN , see Table 5.2, the coupled energy resolution εVV /k2 reads 170 h̄.
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The minimum effective temperature TE ≈ 0.4 K is determined as indicated with marker O©
in Fig. 5.8(a). This crossover temperature coincides with the determined minimum effective
electron temperature in Fig. 5.8(b). Here, we calculated the influence of the hot-electron
effect on the temperature in the shunt resistors. The dissipated power was estimated from the
working point at I ≈ 30 µA and V ≈ 40 µV, see marker M© in Fig. 5.7(a). Assuming that all
the power is dissipated in the two shunt resistors and not in the damping resistor RD leads to
P = 0.6 nW. Because the measurements shown in chapter 4 were performed on a sample
from the same wafer, we believe that the used data on the thermal properties are correct.

The minimum noise level could in big parts be determined by the splitting network
for the bias current. This effectively shunts the SQUID inductance with a comparably low
resistance 2RSPL = 1 Ω, see Fig. 5.5(b). As argued before, the comparably high parasitic
inductance attached to this branch, we estimate ≈ 300 pH, will exclude an influence of the
noise of this resistor at the Josephson frequency. Nevertheless, it will also induce some noise
at the measurement frequency. Note that also here some dissipation takes place, we estimate
a similar minimum electron temperature of this resistor of ≈ 0.3 K at the same working
point. The additional flux noise originating from this bias resistor cannot be calculated
easily because it also involves the dynamic inductance of the SQUID GJΦ and is accordingly
dependent on the working point.

As mentioned before, this resistor might also have a positive damping influence especially
on the coil resonance of the signal washer. Nevertheless, if one looks at the massive coils
integrated on this SQUID, one can conclude that the reached sensitivity is comparatively
good.

5.4.4 Conclusions drawn from the first design step

Although there are uncertainties in the models used here, we think that the most degrading
effects could be identified. The most important effect, the voltage hysteresis, covers the
whole voltage range up to ≈ 0.4 I0 R. This could be directly observed in an experiment. We
could also clearly see an influence of the hysteresis on the sensitivity of both SQUIDs.

The noise characterization of the SQUID with integrated flux transformer at a bath
temperature of 4.2 K was done in the hysteretic range. Here, the damping resistors attached
to the coil helped to improve the additional flux noise to

√
SΦ ,VV = 1.4 µΦ0/

√
Hz. With

the measured mutual inductance M = 8.7 nH this corresponds to an equivalent input noise
current of 330 fA/

√
Hz. Using the design value of the input inductance LIN , the measured

value of M, we estimate a coupled energy resolution εVV /k2 = SΦ ,VV LIN/
(
2M2

)
≈ 1000 h̄

at a temperature of 4.2 K. Unfortunately, cooling down did not further improve the noise. In
retrospect, we understand that we were measuring excess noise caused by a switching within
the hysteretic regime. Although the damping improved the noise at a higher temperature,
further cooling revealed that the noise was determined by the lifetime of resonant states in
the input coil with accompanied random switching between the hysteretic states [112].

During the measurement at lower temperatures, we also searched for other low noise
working points. This did not lead to an improvement of the sensitivity beyond the mentioned
value. The reason were different points in the characteristics with apparent resonances. Due
to our optimistic guess of the working range of both sensors during the design process, the
washer resonance of the coupling coils of both SQUIDs is situated just above the hysteretic
voltage range.
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The SQUID with a parallel washer configuration showed a stable low noise working
point at lower temperatures. At a temperature of 4.2 K, we measured a similar coupled
energy resolution of ≈ 1100 h̄. This decreased to ≈ 170 h̄ for bath temperatures below 0.2 K.
The minimum sensitivity is mainly determined by the hot-electron effect. The exact noise
level might be influenced by the employed resistance network for the symmetrical splitting
of the bias currents needed for this design.

Some points of resonances originated from introduced parasitic capacitances that could
have been avoided. For the SQUID with integrated flux transformer, this was for example a
microstrip line within the transformer loop. For the SQUID with a parallel washer design, the
shielding of slits might have caused additional resonances. Furthermore, the coil resonance
of the comparably unimportant feedback coil was dangerously close to the working regime.

5.5 The second design step
We were able to join another run on the “LTS SQUID” process of the foundry of the
IPHT Jena [77], see section 5.1. The design value of the critical current density was
J0 = 120 A/cm2. This leads to I0 = 12.3 µA for the minimum-sized Josephson junction.

We adapted our design process based on the experiences gained during the evaluation of
the performance of the sensors from the first design step. One adapted policy was to reduce
unnecessary parasitic capacitances within the designs. We did not use microstrip lines for
connections and did not use shielding pads over slits within the SQUID design.

From the observed hysteresis, we concluded that we had to assume a much higher
operation voltage. This was also one conclusion of chapter 3, see section 3.3.4 on page 71.

Regarding the experiments on the hot-electron effect, we chose for shunt resistors of a much
larger area. The results of one of our SQUIDs, see Fig. 5.8, suggest that the effective electron
temperature TE was about 0.4 K. The cooling fins practically did not improve the electron
temperature. Therefore, we followed our conclusions of chapter 4 and chose for much bigger
shunt resistors.

The shunt resistors cannot be chosen arbitrarily big. The limit is related to the electro-
dynamic properties of this shunt resistor. A wide and long shunt resistor also exhibits a
distributed inductance in series with the resistor and a distributed capacitance in parallel to the
Josephson junction. For very big resistors, this can lead to an ineffective damping. To have a
fall-back solution, we accordingly made two versions of our SQUIDs. In the one case, we
made the shunt resistors 30 µm wide, in the other case 60 µm wide. The length of the shunt
resistor was about the same as the width with the chosen value of the resistance. During the
first design step, the shunt resistors were 15 µm wide. Accordingly, we increased the volume
Ω of the shunt resistors by a factor of 4 and 16, respectively. With Eqn. (4.1) on page 84,
one can expect TE ∝ Ω−1/5. One can thus only expect a small decrease of the electron
temperature to ≈ 0.6TE for the larger version of the shunt resistors and a SQUID with the
same power dissipation. Also in the new design we attached cooling fins. Nevertheless, from
the results presented in chapter 4, we learned that they can only have a minor influence in the
typical dissipation range of the SQUIDs presented here. We abandoned the additional Au
layer for the cooling fin because this would have led to only marginal improvements.

There is another important difference in our general design policy. This time, we used the
coupled energy resolution εVV /k2 as a design criterion. The design process was done in three
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stages. First, we chose the basic layout and estimated parasitic inductances one could expect
outside of the washer structures.

In the second stage, we varied the hole size and the number of turns of the washer.
This led to the effective SQUID parameters LSQ, LIN and k2. Here, LIN is fixed by the
requirement for MiniGRAIL LIN ≈ 1.5 µH. From the simple SQUID approximation, see
Eqn. (1.24) on page 11, we estimated the sensitivity of the SQUID. The therefore needed
shunt resistance R was here chosen such that the washer resonance frequency fR,W was
far above the intended operation range ( fR,W Φ0 = 1.2 I0 R), see Eqn. (3.28) on page 72.
Accordingly, the dimensions of the integrated coil are included in the optimization process,
see Eqn. (3.23) on page 63 and section 3.3 on page 60 for more details on the needed
properties of the washer. From the second design stage, we chose a hole size and number of
integrated turns for the washer that about minimizes the coupled energy resolution εVV /k2.

In the last stage of the design process, we extended the model of the SQUID with the
RF impedance of the washer. On the basis of simulations, we chose the value of the shunt
resistance such that there was a margin of 0.4 I0 R between the hysteretic voltage range and
the voltage range where the washer resonance is of influence.

5.5.1 The second SQUID with a parallel washer configuration

The advantage of the SQUID with a parallel washer design compared to the SQUID with
integrated flux transformer is that one can achieve a higher coupling efficiency k2. Further-
more, one can expect an easier operation with a capacitive input impedance, regarding the
stability. We therefore concentrated on this layout.

A photograph of the re-designed SQUID is shown in Fig. 5.9(a). The first change
becomes clear if one compares the layout of the core part of the design with the one of the
first sensor, see Fig. 5.5(a). In the new design we did not realize the series connection of the
two gradiometric feedback and signal coils on-chip. This has to be done externally, as in
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Figure 5.9: (a) Photograph of the second SQUID with a parallel washer configuration. The inset shows
a magnification of the middle part. (b) Simplified schematic for low frequencies. For simplicity, the
four gradiometric coupling coils are not shown.
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Figure 5.10: (a) Impedance of the signal and the feedback washer with the floating and open integrated
coil. Complete model calculation for the signal washer (solid), its fitted lumped circuit model (dotted)
and the fitted series impedance of both washers (dashed) with a high quality factor Q = 1000. The
coil and coupling impedance of the signal washer can be seen in Fig. 3.8 on page 63. The fitted
elements are P© LR,C,SIG = 276 pH, CR,C,SIG = 9 nF, Q© LR,W,SIG = 18 pH, CR,W,SIG = 3.2 pF and R©
LR,C,FB = 36 pH, CR,C,FM = 0.63 pF. The residual inductance of both washers above the resonances
was fit to 57 pH. The upper axis shows the corresponding voltage. (b) Model of the SQUID. The factor
of 1

4 of the fitted washer inductance accounts for the parallel connection of two identical branches
with one signal and one feedback washer connected in series on the one hand, see Fig. 5.9, and for
the balanced distribution over the two branches of the SQUID in the model on the other hand. Noise
sources are not shown for simplicity, they are attached to RD = R, the two R and RSPL = 0.4R. The
quality factor QR = RR

√
CR/LR of the three resonances was set to 1 ( P©), 1000 ( Q©) and 1000 ( R©),

respectively. See the text for details.

case of the original design [163]. This leads to considerable simplifications. The parasitic
inductances are of smaller magnitude and easier to estimate.

The resistive network for the splitting of the bias current, see Fig. 5.9(b), is now connected
slightly differently, this is not expected to have any considerable influence. The sensitivity of
the last design might have been degraded because of the noise of this splitting network. We
therefore increased RSPL from ≈ 0.1R to ≈ 0.4R. The direct voltage noise of the effective
resistance 1

2 RSPL in series to the SQUID has no significant influence. Nevertheless, this time
we included the noise current of the effective resistance 2RSPL in the model of the SQUID.

The design process introduced above led to a signal washer with an integrated coil with 60
windings around a hole of 110 µm dimension. The inductance of the slit LSL of this washer
was estimated to 140 pH. The feedback coupling system was dimensioned such that the
corresponding coil resonance was far above the expected washer resonance of the signal
washer. This was not the case in our last design. At the same time, we tried to minimize its
effective washer inductance because this has no influence on the sensitivity of the SQUID.
A too big value would unnecessarily decrease the effective coupling factor of the SQUID k.
The feedback washer has a hole of 30 µm dimension with an integrated coil with 3 windings.
The slit inductance estimated for this case is 24 pH.

In Fig. 5.10(a), one can see the estimated SQUID impedance of the two washers at RF
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frequencies. Again, the large length of the signal coil of 0.11 m leads to a very low coil
resonance frequency, see marker P©. In the same figure we also show the total fitted RF
impedance of the feedback and the signal washer in series. The washer resonance of the
signal washer is compared to the fist version of this design at about the same frequency,
see marker J© in Fig. 5.6 and Q© in Fig. 5.10. The coil resonance of the feedback coil, see
marker R© in Fig. 5.10, is now shifted far away from typical Josephson frequencies.

In Fig. 5.10(b), one can see the corresponding model of the SQUID. The inductance
of the connection of the four washers in the middle of the SQUID was estimated to 20 pH.
This is gathered with the residual inductance of the fitted washer impedances above all
resonances in the inductance LP1 = 49 pH. For the connection of the Josephson junctions and
the washer damping resistor RD, we also estimate parasitic inductances of LP2 = LP3 = 20 pH,
respectively. The value of the damping resistor was again chosen to RD = R. The inductance
of the bias splitting network was estimated to LP4 = 350 pH. The capacitance C of the
Josephson junction not only includes its intrinsic value of 0.6 pF. We also added half of the
total capacitance of the large version of the shunt resistor to the ground plane. This is based
on a rule-of-thumb from chapter 5 of reference [2]. The area of this resistor was 60×53 µm2.

On the basis of simulations, we now chose the bias resistor such that there was a margin
of ≈ 0.4 I0 R between the two expected voltage ranges with degraded sensitivity. On the
lower end, this is the hysteretic regime which indirectly caused by the coil resonance, see
marker P© in Fig. 5.10(a). On the upper end this is the washer resonance, see marker Q© in
the same figure. The similar simulation on the fabricated device will be shown below.

The resulting properties of the design are listed in Table 5.3. The expected sensitivity
on the basis of the simulation was εVV /k2 ≈ 100 h̄/K. The minimum noise temperature
is represented by ε0, see Eqn. (2.25) on page 27. Based on the simulation we estimated
ε0 ≈ 20 h̄/K. About one third of this noise is caused by the splitting resistor network
(RSPL = 0.4R), which was determined by test simulations. We find this acceptable, especially
if one considers a possible damping effect on for example harmonics of the signal coil.

We now want to compare the properties of the first and the second design of the SQUID
with a parallel washer configuration, see Tables 5.2 and 5.3. The SQUID inductance is
smaller in the second design and the coupling efficiency increased considerably. On the one
hand this originated from the simplifications in the layout and on the other hand from the
now used coupled energy resolution as an optimization criterion. The value of the shunt
resistance R is now chosen at a considerably smaller value. This is a consequence of the
more careful chosen working range between the hysteretic range, which scales with I0 R, and
the washer resonance frequency.

The dissipated power in the planned optimum operation regime was ≈ 0.6 nW per shunt
resistor. Here we estimated a minimum reachable temperature of ≈ 0.25 K.

Table 5.3: Design and experimental values of the second SQUID in a parallel washer configuration.

I0 R LSQ LIN M k2 βL βL,RF C βC
[µA] [Ω] [pH] [µH] [nH] [pF]

design 12.3 3.5 234 1.6 15 0.6 2.8 1.1 0.77 0.3

measurement 18 3.2 1.5 13 4.1 a 1.6 a 0.4 a

a using the design values of LSQ or C
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5.5.2 Experimental results

The fabricated SQUID showed a considerably increased critical current I0 = 18 µA compared
to the design value of 12.3 µA. The resistive layer was slightly below the design values. This
results in an increase in βL of 50% and in I0 R of 30%, see Table 5.3. The resistance of the
bias splitting network 1

2 RSPL was determined from the current–voltage characteristics below
the critical current of the SQUID to 0.66 Ω. The offset voltage 1

2 RSPL I originating from this
series resistance was subtracted in all the graphs shown in this section.

Characteristics

In Fig. 5.11(a), we show the experimental characteristics of the SQUID sensor. This measure-
ment was performed in a bath of liquid 4He, TB = 4.2 K, using self developed electronics
from Twente University. No damping element was attached to the input coil. In Fig. 5.11(b),
we show the simulation of the model shown in Fig. 5.10(b) with the experimental values for
I0, R and RSPL, see Table 5.3. The damping resistance RD was scaled proportionally with R.
The simulation was performed as described in section 3.1 on page 43. No excitation flux was
applied. The corner frequency of the voltage low-pass filter was chosen to fOut = 10 MHz.
Each working point had to be observed for a comparably long time of 20 µs to get a stable
result in the hysteretic low-voltage regime. We reduced the quality factor of the signal coil
resonance to 1 to shorten the simulation time.

Figure 5.11 nicely illustrates the false assumption we followed during the characterization
of our first SQUIDs. One could think that the steep characteristics up to about 30 µV
(0.5 I0 R) are also the most sensitive. This voltage range is also the typical sensitive region
for standard SQUIDs without a long integrated coil. Here, the characteristics just appear
steep in consequence of the hysteresis covered by thermal noise, see the results on our first
designs, the discussion in section 3.3.4 on page 71 and the voltage regions of best sensitivity
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Figure 5.11: (a) Experimental characteristics of the SQUID with a parallel washer configuration
with the large 60 µm wide shunt resistor at a bath temperature TB = 4.2 K. We show flux–voltage
characteristics with varying bias current. The offset voltage caused by the bias splitting network and
the static magnetic flux were subtracted. The input coil was not shunted. (b) Numerical simulation of
the model shown in Fig. 5.10(b) at T = 4.2 K. The capacitive and inductive properties as given in the
text and Fig. 5.10 as well as the experimental R and I0 from Table 5.3 were used. The quality factors of
the modeled resonances were set to QR,C = 1 for the coil resonance of the signal coil and 1000 for the
other two resonances.
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shown in Fig. 3.11(a) on page 70.
The agreement between the experimental and simulated characteristics is very good. The

bias currents I fit well, which indicates that the total SQUID inductance of the model is close
to the inductance of the fabricated device. The voltage range marked with Q© in Fig. 5.11(b)
corresponds to the washer resonance of the signal washer, see marker Q© in Fig. 5.10. Also
in the experimental characteristics there are similar irregularities at about the same voltage.
We believe these are caused by the washer resonance. In the sensitivity measurement that
will be shown below, we also found degradations in this voltage region. In consequence of
the increased I0 R in the fabricated SQUID, this resonance is located closer to the hysteretic
regime than originally intended.

In the same voltage region, asymmetries in the flux–voltage characteristics become
visible. We address this to an unbalanced layout of the damping resistor RD, see Fig. 5.9(a).

The voltage range marked with R© in figure Fig. 5.11(b) corresponds to the coil resonance
of the feedback washer, see marker R© in Fig. 5.10. Here, both the simulation and the
experimental characteristics exhibit irregularities. Nevertheless, in the measurement this
could also be caused by a harmonic of the washer resonance of the signal washer Q©.

The effective resonance between the capacitance of the Josephson junctions and the
residual SQUID inductance, marked with S© in Fig. 5.11 is at about the same voltage in
both the simulation and the experiment. This is another indication that the model is a good
representation of the real device.

Coupling inductances

For this device we performed a detailed measurement of the inductive properties. First,
we measured the mutual inductance between the signal coil and the SQUID M by directly
modulating with the input coil. The experimental value M = 13.2 nH is 15% smaller than
the design value, but still in good agreement, see Table 5.3.

We then performed a characterization of the input coil inductance as described above
Eqn. (2.34) on page 31. We shunted the SQUID input inductance LIN by bonding wires,
naturally both gradiometric signal coils were connected in series in the right direction. From
the flux noise of 721 µΦ0/

√
Hz, measured in FLL at very low frequencies, we estimated the

value of the effective shunt resistance of RS = 18 mΩ formed by the bonding wires. From
the −3 dB corner frequency fS of 2.18 kHz of the flux noise, we estimated the effective input
inductance LIN

′ = 1.32 µH in FLL.
Then we characterized the inductive coupling between the feedback and the signal

inductances MFB,SQ. By modulating the SQUID in open loop via the feedback coil, once at a
low frequency f � fS and once at a high frequency f � fS, we estimated the two mutual
inductances MFB,SQ = 164 pH and MFB,SQ

′ = 146 pH. MFB,SQ corresponds to the usually
observed direct mutual inductance, as in Fig. 5.11(a). MFB,SQ

′ also includes a component of
coupling from the feedback coil to the input circuit and then to the SQUID. From Eqn. (2.34)
we estimate k kFB,IN/kFB,SQ = 0.11. Note that large positive values of this term can cause
instabilities for a FLL operated SQUID with a coupled capacitive input circuit [94], see
section 2.5.3 on page 37. For standard SQUIDs, where the feedback and the signal coil are
coupling to the same hole, k kFB,IN/kFB,SQ usually takes positive nonzero values. Also note
that the measured value for k kFB,IN/kFB,SQ is not intrinsic in the SQUID design. If one
connects the four coils via leads that are routed far away from the SQUID, the value can be
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reduced towards zero because of the symmetric layout [163]. During this measurement, we
connected all coils by bonding wires directly across the chip which of course also couple to
the hole of the signal washer for example.

From Eqn. (2.35) on page 31 one can see that the input inductance LIN
′ as determined in

FLL is in fact LIN
′ = LIN MFB,SQ

′/MFB,SQ. The geometric input inductance of the SQUID
LIN accordingly reads 1.48 µH. This is slightly smaller than the design value, see Table 5.3.

Sensitivity

To determine the sensitivity of this SQUID, we performed a measurement in a two-stage
SQUID setup, see Fig. 1.6(b) on page 14. As second stage SQUID, we used the SQUID with
integrated flux transformer, see section 5.4.2. The bias resistance RB shunting the first stage
SQUID was 0.5 Ω. Again we inserted a filter inductance in series with RB. This had to be
done because of the relatively high mutual inductance of the second stage M. The second
stage SQUID would otherwise be degraded by the output noise of the first stage.

By means of a four-point measurement, we were able to determine the voltage across
the bias resistor RB and the SQUID as well as the total bias current I1 of the first stage.
From these data and the experimentally determined bias resistance RB and bias splitting
resistance RSPL, we can calculate the effective SQUID voltage in each working point without
the additional offset caused by RSPL.

From the characterization of our first SQUIDs, we saw that attached damping elements
on the input coil can lead to low noise working points that turn out to be less sensitive when
the SQUID is cooled down. Although such damping networks are generally recommended,
we decided to characterize the SQUID without it.

By varying the bias current of the first stage I1 and locking the SQUID at different
flux points, we characterized the SQUID over large parts of the characteristics. By means
of vacuum pumping, we reduced the bath temperature from TB = 4.2 K to 1.5 K. This
temperature was determined by the noise of the resistance RB + 1

2 RSPL in the input loop of
the second stage for I1 = 0.

In Fig. 5.12(b), we show a choice of lower noise working points for a variety of effective
voltages of the SQUID. Each point corresponds to the white noise measured in FLL at
frequencies above 10 Hz. Note that the noise is normalized to the bath temperature TB. In
the same figure, we show the simulated sensitivity of the model at a temperature of 1 K
(Γ = 0.002). This time, a small excitation flux was applied as described in section 3.1 on
page 43. Furthermore, each working point was simulated two times with a different initial
starting point. Hysteretic points were then excluded in the shown sensitivity. The corner
frequency of the voltage low-pass was again chosen to fOut = 10 MHz. Each working point
was observed for 10 µs. We reduced the quality factor of the signal coil resonance to 1 to
shorten the simulation time.

The agreement of the simulated and the experimental sensitivity is good in many aspects.
At the lower voltages, within the hysteretic regime, the sensitivity did not considerably
improve at the lower bath temperature TB = 1.5 K. In the range of the washer resonance of
the signal washer Q©, also see Figs. 5.10 and 5.11, a low noise working point was only found
at the higher bath temperature TB = 4.2 K. Above this washer resonance, see marker T© in
Fig. 5.12(b), a linear temperature dependence was observed. The observed noise is also close
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Figure 5.12: (a) Numerically simulated current–voltage characteristics of the model shown in Fig. 5.10
at T = 1 K for three different values of flux ΦE . Hysteretic paths are indicated by arrows. The capacitive
and inductive properties as given in the text and Fig. 5.10 as well as the experimental R and I0 from
Table 5.3 were used. The quality factors of the modeled resonances were set to QR,C = 1 for the coil
resonance of the signal coil and 1000 for the other two resonances. The additional noise is shown in (b),
where the hysteretic regions are excluded. (b) Experimental and simulated additional flux noise SΦ ,VV
of the second SQUID with a parallel washer configuration. The noise is normalized to the temperature,
TB = 4.2 K and 1.5 K in the measurement. The input coil was not shunted. The right axis shows the
corresponding coupled energy resolution using experimental values from Table 5.3.

to the simulated sensitivity. In the restricted low noise working region below the washer
resonance, which is shown in the simulation, we were not able to reach a good sensitivity.

The minimum reached additional flux noise
√

SΦ ,VV , see marker T© in Fig. 5.12 was
2.0 µΦ0/

√
Hz and 1.2 µΦ0/

√
Hz at a bath temperature of TB = 4.2 K and 1.5 K, respec-

tively. This corresponds to an equivalent input current noise of
√

SΦ ,VV /M = 320 fA/
√

Hz
and 190 fA/

√
Hz, respectively. The measurements were performed on the SQUID with the

large, 60 µm wide, shunt resistors. Accordingly, we do not expect problems originating from
the increased volume of the shunt resistors.

The normalized coupled energy resolution εVV /(k2 T ) reads 170 h̄/K. This is about a
factor of two worse than the simulated design value. We believe that the main reason for this
discrepancy are the increased values of βL and I0 R of the fabricated device with respect to
the design. Nevertheless, the estimated normalized coupled energy resolution εVV /(k2 T )
takes about 60% of the value estimated for the first design. Furthermore, we expect an
improvement of the minimum reachable temperature.

Another effect should be mentioned here. From the simulation shown in Fig. 5.12(b),
one can see that the sensitivity is improving for smaller values of external flux ΦE → 0.
This corresponds to our observation during this measurement and the measurement shown
in section 5.4.3. It fits a quantitative understanding of the behavior of SQUIDs with a
long integrated coil. Not only the characteristics are determined by the reduced SQUID
with the effective RF screening parameter βL,RF , also the sensitivity, see the discussion in
section 3.3.3 on page 69. The points of best sensitivity of a standard SQUID are usually
found at ΦE = 0.25Φ0, see for example section 3.2.5 on page 58. Accordingly, the points of
sensitivity of the SQUID with the long integrated coil would be found at a smaller external
flux, see the transformation in Eqn. (3.26) on page 65. The results of the optimization of the
simplified model, see Fig. 3.11 on page 70, could accordingly be further improved for values
of external flux ΦE smaller than 0.25 Φ0.
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5.5.3 Outlook

We estimate an electron temperature at the working point marked with T© in Fig. 5.12 of
about ≈ 0.3 K. This suggests that a coupled energy resolution of about 50 h̄ is possible. This
is close to the optimum performance achieved for the original design [156].

Simulations suggest that in the same working point, a low noise temperature is achievable.
The corresponding energy resolution ε0 yields ≈ 10 h̄. Nevertheless, a re-fabricated sensor
with the working range clearly shifted away from the washer resonance, would be an even
more promising option.

Furthermore, an evaluation of the exact influence of damping elements within the SQUID
design, namely RD and RSPL, would possibly give more room for optimization.

5.6 Conclusions
In this chapter, we present the design, modeling and characterization of SQUIDs developed
for the gravitational wave antenna MiniGRAIL. The main requirement is given by a large
input inductance LIN ≈ 1.5 µH with a minimum additional coupled energy resolution εVV /k2

at the aimed operation temperature of 20 mK. To reach a good coupling efficiency k2, the
input coil has to be integrated on the SQUID design. This turns out to introduce many effects
that are not present in standard SQUIDs.

During the characterization of our developed SQUIDs, we could clearly identify hysteretic
working ranges. After having observed the effect in numerical simulations, we experimentally
re-examined the characteristics of one of our SQUIDs at a bath temperature of TB = 0.1 K.
We indeed directly observed the expected behavior, see section 5.4.2. To our knowledge this
is the first experimental evidence for this effect.

Measurements on the sensitivity of all presented SQUID sensors exhibited a degrading
effect originating in hysteresis. Low noise working points were located above the hysteretic
voltage range. The performance within the hysteretic regime could be partly improved
by means of series resistive-capacitive damping elements connected across the input coil,
see sections 5.4.2 and 5.4.3. Nevertheless, such working points turned out to show mainly
non-thermal noise. The sensitivity did not considerably improve by decreasing the bath
temperature. For the measurement shown in section 5.5.2 we did not attach any damping
element to the coil to exclude similar misleading results at higher temperatures.

In chapter 3, we studied a simplified model of SQUIDs with a long integrated coil. Here,
the resonance frequency of the integrated coil is located below the Josephson frequency of
the SQUID. This is the case for all of our developed SQUIDs shown in this chapter. Also the
simplified model includes hysteretic working ranges, see section 3.3.2. We argued that the
voltage hysteresis has to be taken into account while designing and operating SQUIDs with
a long integrated coil, see for example section 3.3.4 on page 71. The experimental results
shown in this chapter strongly support this insight. We conclude that the simplified model
of SQUIDs with a long integrated coil is applicable to explain the basic behavior of real
devices.

To numerically study the performance of our developed SQUIDs in more detail, we derived
the most important properties for the operation from the layout. These properties were
extracted by numerical inductance calculation on simplified test structures on the one hand
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and by calculating the RF impedance of the washer structures with integrated coils on
the other hand. Simplified models of the SQUIDs were simulated and compared to the
characteristics of all our developed sensors. In general, the agreement was good. Although
there are uncertainties in the models used here, we think that many degrading effects could
be identified. These include the already mentioned hysteresis as well as several unavoidable
and avoidable resonances within the structures of the SQUIDs. Also a simulation on the
sensitivity, see section 5.5.2, showed a good agreement with the measurements.

The comparison of the experimental and the numerically determined characteristics and
sensitivity presented in section 5.5.2 shows a very good agreement. To our knowledge, this
has never been achieved in such detail for SQUIDs with integrated coils. Therefore, we
conclude that the performance of this type of SQUIDs is more controllable and predictable
than is usually assumed.

The numerical characterization of detailed models was incorporated into the design process
of the second SQUID with a parallel washer configuration, see section 5.5. The measured
normalized coupled energy resolution εVV /(k2 T ) is 170 h̄/K. This is about a factor of
two higher than the simulated design value. The main reason for this discrepancy are the
increased values of βL and I0 R of the fabricated device. Nevertheless, the coupled energy
resolution improved to about 60% of the value obtained for the first design. For a SQUID
with an integrated coil of LIN = 1.5 µH inductance, such a sensitivity is good. Using an
experimental approach discussed in chapter 2, we estimated the geometric input inductance
excluding a screening caused by the FLL operation.

For the first SQUID with a parallel washer configuration, a minimum coupled energy
resolution of 170 h̄ was measured at bath temperatures below 0.2 K, see section 5.4.3. This
was found to be mainly determined by the hot-electron effect which led to an effective mini-
mum reachable temperature of ≈ 0.4 K. In the re-designed sensor, we therefore used shunt
resistors of a larger size, see the conclusions of chapter 4. The measurements suggest that the
by one order of magnitude increased volume of the resistors does not introduce degrading
effects which could possibly be caused by a degraded damping of the Josephson junction.
We therefore expect an improvement in the minimum reachable electron temperature TE

of the characterized second SQUID with a parallel washer configuration to ≈ 0.3 K. The
overall performance is expected to be good, see section 5.5.3.

As one can see from the results of chapter 3, see section 3.3.4 on page 71, a screening
parameter βL close to 1 would lead to an improvement in sensitivity. This would require
a re-fabrication of the same design. A possible investigation of smaller damping within
the SQUID sensor, could lead to further improvements. We believe that with the same
fabrication technology and the requirements of the MiniGRAIL project, a coupled energy
resolution εVV /k2 in the order of 10 h̄ is realizable. Furthermore, minimum reachable noise
temperatures of an order of magnitude above the quantum limit seem feasible.

The most crucial factor for SQUIDs with a long integrated coil from the point of view
of the fabrication technology is the spacing and width within the coil. Smaller dimensions
effectively lead to a higher washer resonance frequency, see section 3.3.1 on page 62 in
chapter 3. Therefore, SQUIDs fabricated in a sub-micron technology would make even
further improvements [20] possible.
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Summary

The dc Superconducting Quantum Interference Device (dc-SQUID) is one of the most
sensitive magnetic field sensors available. In this thesis, we concentrate on its application
as an amplifier. The developed sensors are intended for the utilization in the first spherical
resonant mass gravitational wave antenna MiniGRAIL. Therefore, minimum noise SQUID
amplifiers are required. This thesis covers topics related to the optimized design and operation
of SQUID amplifiers.

In chapter 2, we investigate requirements and optimization criteria for practical SQUID
amplifier based systems with different connected input circuits. We therefore concentrate
on typical measurement frequencies far below the Josephson frequency of the SQUID, the
frequency of its intrinsic oscillation. This is done on the basis of a small-signal analysis
of the SQUID and typical elements present in a measurement system. On the one hand,
we include a standard flux-locked loop (FLL) operation. This is used in typical SQUID
measurements to linearize the response of the SQUID by applying a negative feedback flux
via a feedback coil. On the other hand, we include the loading of the SQUID amplifier via a
connected output impedance, which is given by the next amplifier stage.

In the first part of chapter 2, we discuss the influence of these external circuits on the
input impedance of the SQUID amplifier. At low frequencies, this impedance is purely
inductive. In case of a flux-locked loop operation or a possible loading of the SQUID via
a connected output circuit, both negative and positive resistive input impedances can be
generated. Based on this, we give a possible explanation for published measurements on the
input impedance of SQUID amplifiers. The derived expressions are later used to explain the
frequency response of the SQUID amplifier with some basic connected input impedances.
This is useful for the design and characterization of the respective measurement system and
helps to understand observed spectra in a practical measurement.

In the second part of chapter 2, we present an analysis on the signal-to-noise ratio. Here,
the FLL operation and a possible loading of the SQUID via a connected output circuit turn
out to be without influence. We performed the analysis including both the voltage noise of
the SQUID, which represents an additional noise of the amplifier, as well as the noise on
the circulating current in the SQUID loop. The latter represents the back-action noise of
the amplifier, because it can directly influence a connected input impedance. We derive a
general description of the equivalent input noise temperature of the SQUID amplifier with an
arbitrary connected input impedance. This forms the basis for our investigations of SQUIDs
in chapter 3.

In the final part of chapter 2, we investigate the performance of three practical pas-
sive input circuits. We derive expressions for the noise temperature for each of the input
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impedances. For the capacitive input circuit, we find an analytical expression for the achiev-
able bandwidth. This is an important criterion for the readout of MiniGRAIL. Furthermore,
we calculate practical measured noise spectra in a direct readout operation as well as in FLL
operation of the SQUID amplifier with the basic input circuits. Experimental possibilities
for characterizing the noise properties as well as the stability of the SQUID amplifier with a
capacitive input circuit are discussed.

In chapter 3, we numerically investigate the optimized design and operation of dc-SQUIDs
incorporating the results obtained in chapter 2. Based on a circuit simulator, we developed
a feasible system for numerically characterizing SQUIDs. This is used to investigate the
properties of SQUIDs of varying configuration.

In the first part of chapter 3, we give a detailed overview of the achievable noise parame-
ters of two basic SQUID designs. We therefore focused on an optimization regarding the best
achievable additional noise of the amplifier as well as on the minimum achievable equivalent
input noise temperature. The presented study is compared to published results and extends
them especially regarding the influence of back-action effects. We give a very broad insight
into the most important properties of practical interest: the working range, small-signal
parameters and the sensitivity. The optimization of the SQUID design and the operation of
the amplifier is discussed. This includes the choice of the screening parameter βL of the
SQUID as well as the choice in working ranges of optimum sensitivity. In applications where
the back-action noise is of importance, the results allow to derive information about the
matching of input circuits and the expected performance.

In the second part of chapter 3, we give an overview of the properties of washer type
SQUIDs with an integrated coil. This wide-spread layout for thin-film SQUID sensors is
typically chosen when a high coupling efficiency to a connected input impedance is required.
The integration of the input coil is attended by introduced parasitic capacitances. These
elements can influence the impedance of the SQUID loop at the Josephson frequency and
therefore alter the dynamics of the sensor.

We defined a model for the practical case of a SQUID with a long integrated coil. Here,
the large total length of the windings shifts the coil resonance frequency below the Josephson
frequency of the SQUID. In this case, the effective SQUID inductance at the Josephson
frequency is lowered compared to its low frequency value. Based on the characteristics of
a standard SQUID, we explain the characteristics of SQUIDs with a long integrated coil.
Parts of the characteristics are found to be hysteretic. The subsequently presented numerical
optimization of the idealized model shows that the hysteresis forces one to operate the
SQUID at much higher Josephson frequencies compared to standard SQUID sensors. This
is an important insight for both the design and the operation of such sensors. The results
of the numerical optimization of this idealized model suggest that the sensitivity can even
be enhanced. This can be qualitatively understood by the fact that characteristics, small-
signal and noise parameters of the SQUID with an integrated coil are strongly influenced
by the lowered effective inductance at the Josephson frequency. The insights gained from
the simplified model of SQUIDs with a long integrated coil can be useful for the general
understanding of the performance of similar SQUIDs. The practical performance of such
sensors is discussed also with respect to effects that are not included in the idealized model.

In the final part of chapter 3, we numerically studied a standard SQUID strongly coupled
to a capacitive input impedance. The behavior coincides in many aspects with the idealized
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model of a SQUID with a long integrated coil. Also here, the SQUID inductance is effectively
lowered at the Josephson frequency. Accordingly, this configuration also exhibits hysteretic
characteristics. Some published studies on the performance of this configuration predict
additional features in the influence of back-action noise due to an effective screening of the
SQUID inductance at the measurement frequency. These effects are questionable and were
therefore not included in the analysis presented in chapter 2. For three exemplary SQUIDs,
we determine the voltage noise spectra in their working point of minimum reachable noise
temperature. The spectra are compared with theoretical expressions from chapter 2 and show
a good agreement. We conclude that the assumptions of chapter 2 are applicable.

In chapter 4, we investigate the hot-electron effect and its suppression. This effect imposes
a practical limit on the cooling behavior of SQUID sensors and therefore on the minimum
reachable sensitivity. Here, the coupling between the electron and the phonon system of a
resistive material is weakened. Due to the dissipated power in the SQUID, this leads to an
increased temperature of the electron system in the shunt resistors of the Josephson junction
and therefore to an increased thermal noise.

In the first part of chapter 4, we give an overview of theories on the hot-electron effect
and other aspects that influence the effective thermal resistance between the electron system
of a thin-film resistor and the surrounding bath. Furthermore, we described the behavior of
cooling fins attached to dissipating resistors. Heat is transported to these cooling reservoirs
via electronic heat conduction and therefore, the effective cooling volume is increased. This
is demonstrated by a numerical calculation on a finite one-dimensional cooling fin.

In the second part of chapter 4, we present heating experiments on thin-film resistors
made of PdAu. Here, power is dissipated in the resistor and the electron temperature is
determined by noise thermometry. The noise was measured using a SQUID amplifier. The
experimental results on a thin-film resistor without a cooling extension yield a relation
P∝ TE

5. Here, P is the dissipated power and TE is the temperature of the electrons in the
thin-film resistor. A detailed analysis of the measurement data led to the conclusion that we
directly measured the energy transfer between the electron and the phonon system. Because
our sample is certainly in the dirty limit, the observed exponent 5 is in contradiction with
theory. This discrepancy is not unusual, there is a variety of experiments that contradicts
with existing theories. A comparison with results reported in literature on resistors of the
same alloy but of different thickness suggests that the electron-phonon coupling could be
influenced by the dimensionality of the phonon population in the shunt resistor.

Furthermore, we numerically and experimentally studied configurations of resistors with
attached cooling fins. The measured data are well approximated by numerical calculations on
the thermal heat conduction within the geometry. The numerical calculations on the electronic
thermal transport turn out to be a useful tool for the thermal design of superconducting
electronics. We discuss some general measures to reduce an influence of the hot-electron
effect by means of passive cooling.

In chapter 5, we present the design, modeling and characterization of SQUIDs developed
for the gravitational wave antenna MiniGRAIL. The main requirements are given by a large
input inductance LIN ≈ 1.5 µH with a minimum additional coupled energy resolution εVV /k2

at the aimed operation temperature of 20 mK. Our designs were fabricated in the low-Tc

SQUID process of the foundry at the IPHT Jena. Many aspects related to the design and
operation of these sensors coincide with the topics presented in the preceding chapters.
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Because of the required high coupling efficiency k2, the input coil has to be integrated
on the SQUID design. Together with the large required input inductance, this leads to
SQUIDs with a long integrated coil, as treated in chapter 3. During the characterization of
our developed SQUIDs, we could clearly identify hysteretic working ranges. We directly
observed the expected behavior for one of our sensors. This is to our knowledge the first
direct experimental evidence for this effect. As argued in chapter 3, this is of importance
for both the design and operation of such sensors. The hysteresis is usually not directly
observable at a bath temperature of 4 K. Nevertheless, the sensitivity is also degraded in this
case. This has to be taken into account for both the design and the operation of such sensors.
The optimum operation voltage is often much larger compared to standard SQUIDs. The
hysteretic working range typically appear as steep flux–voltage characteristics, which might
mislead a user to operate the SQUID in these parts of the characteristics. Measurements on
the sensitivity of all presented SQUID sensors exhibited a degrading effect originating from
hysteresis. The performance within the hysteretic working range could be partly improved
by means of series resistive-capacitive damping elements connected across the input coil.
Nevertheless, such working points turned out to show mainly non-thermal noise which could
not be considerably improved by cooling.

To numerically study the performance of our developed SQUIDs in more detail, we
derived the most important properties for the operation from the layout. These properties
were extracted by numerical inductance calculation on simplified test structures on the one
hand and by calculating the RF impedance of the washer structures with integrated coils
on the other hand. Simplified models of the SQUIDs were simulated and compared to
the characteristics of all our developed sensors. In general, the agreement was good. We
think that many degrading effects could be identified. This includes the already mentioned
hysteresis as well as several unavoidable and avoidable resonances within the structures of
the SQUIDs. Also the numerically determined sensitivity of one of our sensors showed a
good agreement with measurements. To our knowledge, this has never been achieved in such
a detail for SQUIDs with integrated coils. Therefore, we conclude that the performance of
this type of SQUIDs is more controllable and predictable than is usually assumed.

We especially concentrated on the layout of a SQUID with a parallel washer configuration.
Here, parasitic coupling between the feedback coils and the signal coils is minimized. This
helps to improve the stability of the readout system with the capacitive transducers of
MiniGRAIL. For the first developed sensor, a minimum coupled energy resolution of 170 h̄
was measured at bath temperatures below 0.2 K. This was found to be mainly determined
by the hot-electron effect which led to an effective minimum reachable temperature of
about 0.4 K. The numerical characterization of detailed models was incorporated into the
design process of the second sensor. The measured normalized coupled energy resolution
εVV /(k2 T ) is 170 h̄/K at bath temperatures above 1 K. This is about a factor of two higher
than the simulated design value. The main reason for this discrepancy are the increased
values of βL and I0 R of the fabricated device. Nevertheless, the coupled energy resolution
improved to about 60% of the value obtained for the first design at higher bath temperatures.
In the redesigned sensor, we used shunt resistors of a larger size. The measurements suggest
that the increase in volume of an order of magnitude does not introduce degrading effects.
We therefore expect an improvement of the minimum reachable electron temperature to
about 0.3 K.
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Samenvatting
(Summary in dutch)

Het dc Superconducting Quantum Interference Device (dc-SQUID) is een van de meest
gevoelige magneetveldsensoren die beschikbaar zijn. In dit proefschrift concentreren we ons
op het gebruik daarvan als versterker. De ontwikkelde sensoren zijn bedoeld voor gebruik
in de eerste sferische resonante massa gravitatie golf antenne MiniGRAIL. Hiervoor zijn
SQUID versterkers met minimale ruis nodig. Dit proefschrift behandelt onderwerpen die
gerelateerd zijn aan het optimale ontwerp en werking van SQUID versterkers.

In hoofdstuk 2 onderzoeken we de eisen en optimalisatiecriteria voor op praktische SQUID
versterker gebaseerde systemen verbonden aan verschillende ingangsnetwerken. We con-
centreren ons daarom op typische meetfrequenties die ver beneden de Josephsonfrequentie
van het SQUID, zijn intrinsieke oscillatie frequentie, liggen. Dit wordt gedaan op basis
van zwakke-signalen analyse van het SQUID en typische elementen van het meetsysteem.
Eenerzijds includeren we de standaard flux-locked loop (FLL) werking. Deze wordt gebruikt
in typische SQUID metingen om het gedrag te lineariseren door het aanbrengen van een ne-
gatief teruggekoppelde flux via een terugkoppelspoel. Anderzijds includeren we de belasting
van SQUID versterkers via een aangesloten uitgangsimpedantie, bijvoorbeeld de volgende
versterkertrap.

In het eerste deel van hoofdstuk 2 wordt de invloed van deze externe schakelingen op
de ingangsimpedantie van de SQUID versterker besproken. Bij lage frequenties is deze
impedantie puur inductief. In geval van een flux-locked loop configuratie of een eventuele
belasting van het SQUID via een aangesloten uitgangsnetwerk kunnen zowel negatieve als
positieve impedanties gegenereerd worden. Op basis hiervan geven we mogelijke verkla-
ringen voor gepubliceerde metingen over de ingangsimpedantie van SQUID versterkers.
Wij gebruiken die afgeleide uitdrukkingen later om het frequentiegedrag van de SQUID
versterker te verklaren waarbij simpele ingangsimpedanties aangesloten zijn. Dit helpt om
het meetsysteem te ontwerpen en te karakteriseren alsmede de geobserveerde spectra in
praktische metingen te begrijpen.

In het tweede deel van hoofdstuk 2 presenteren we een analyse van de signaal-ruis
verhouding. Hier blijken de FLL configuratie en een mogelijke belasting van het SQUID
via een aangesloten uitgangsnetwerk geen invloed te hebben. We hebben een analyse
uitgevoerd waar zowel de spanningsruis van het SQUID, welke gerepresenteerd wordt door
een additionele ruis van de versterker, en de ruis van de rondgaande stroom in het SQUID
ring, in beschouwing wordt genomen. De laatste representeert de back-action-ruis van de
versterker, omdat het direct invloed kan hebben op de aangesloten ingangsimpedantie. We
leiden een algemene beschrijving van de equivalente ingangsruistemperatuur af met een
willekeurig aangesloten ingangsimpedantie. Deze vormen de basis van ons onderzoek van
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SQUIDs in hoofdstuk 3.
In het laatste deel van hoofdstuk 2 onderzoeken we de prestaties van drie praktische

ingangsnetwerken. We leiden een uitdrukking af voor de ruistemperatuur van elk van
de ingangsimpedanties. Voor het capacitieve ingangsnetwerk vinden we een analytische
uitdrukking voor de haalbare bandbreedte. Dit is een belangrijk criterium voor de uitlezing
van MiniGRAIL. Verder berekenen we de praktisch gemeten ruisspectra bij een directe
uitlezing en in een FLL configuratie van de SQUID versterker die aangesloten is aan de
elementaire ingangsnetwerken. Experimentele mogelijkheden voor de karakterisatie van de
ruiseigenschappen van de SQUID versterkers en de stabiliteit van de SQUID versterkers met
een capacitief ingangsnetwerk worden besproken.

In hoofdstuk 3 onderzoeken we numeriek het optimale ontwerp en de optimale utilisatie van
dc-SQUIDs met de resultaten verkregen in hoofdstuk 2. Op basis van een netwerksimulator
hebben we een werkbaar systeem om numeriek SQUIDs te karakteriseren ontwikkeld. Dit
wordt gebruikt om eigenschappen van SQUIDs in verschillende configuraties te onderzoeken.

In het eerste deel van hoofdstuk 3 geven we een gedetailleerd overzicht van haalbare ruis
parameters van de twee basis SQUID ontwerpen. Het focus ligt daarom op een optimalisatie
voor wat betreft de best haalbare additionele ruis van de versterker alsmede van de minimaal
haalbare equivalente ingangsruistemperatuur. De gepresenteerde studie is vergeleken met
gepubliceerde resultaten en breidt deze uit vooral voor wat betreft de invloed van back-
action effecten. We geven een zeer breed inzicht in de meest belangrijke eigenschappen
van praktische aard: het werkgebied, zwakke-signalen parameters en gevoeligheid. De
optimalisatie van het SQUID ontwerp en de utilisatie van de versterker worden behandeld.
Dit omvat de keuze in de screening parameter βL van het SQUID alsmede de keuze in
het werkgebied van de optimale gevoeligheid. In toepassingen waar de back-action-ruis
belangrijk is geven de resultaten informatie over het koppelen van ingangsnetwerken en de
verwachte prestatie.

In het tweede deel van hoofdstuk 3 geven we een overzicht van de eigenschappen
van washer-type SQUIDs met een geïntegreerde spoel. Deze wijdverspreide layout voor
dunne-film SQUID sensoren wordt typisch gekozen als een hoge koppelefficiëntie aan een
aangesloten ingangsimpedantie nodig is. De integratie van de ingangsspoel wordt vergezeld
door de introductie van parasitaire capaciteiten. Deze elementen kunnen de impedantie
van de SQUID ring bij de Josepshon frequentie beïnvloeden en daardoor verandert het
dynamische gedrag van de sensor.

We hebben een model gedefinieerd voor het praktische geval van een SQUID met
een lange geïntegreerde spoel. Hier wordt door de totale lengte van de windingen de
resonantiefrequentie van de spoel verschoven tot onder de Josephsonfrequentie van het
SQUID. In dit geval wordt de effectieve inductie van het SQUID bij de Josephsonfrequentie
verlaagd in vergelijking met zijn lage frequentie waarde. Gebaseerd op de karakteristieken
van een standaard SQUID leggen we uit wat de karakteristieken van SQUIDs met lange
geïntegreerde spoelen zijn. Delen van de karakteristiek blijken hysteretisch te zijn. De daarna
gepresenteerde numerieke optimalisatie van hetgeïdealiseerde model laat zien dat de SQUID
door deze hysterese bij hogere Josephsonfrequenties gebruikt dienen te worden dan standaard
SQUID sensoren. De resultaten van de numerieke optimalisatie van dit geïdealiseerde model
suggereert dat de gevoeligheid zelfs verbeterd kan worden. Kwalitatief kan dit begrepen
worden door het feit dat de karakteristieken, zwakke signalen- en ruisparameters van het
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SQUID met een geïntegreerde spoel sterk beïnvloed worden door zijn verlaagde effectieve
inductie bij de Josephsonfrequentie. Het inzicht verkregen van het versimpelde model van
SQUIDs met een lange geïntegreerde spoel kan zinvol zijn voor het algemene begrip van de
prestaties van soortgelijke SQUIDs. De praktische prestaties van dergelijke sensoren wordt
besproken, ook met het oog op effecten die niet worden meegenomen in het geïdealiseerde
model.

In het laatste deel van hoofdstuk 3 onderzoeken we numeriek een standaard SQUID die
sterk gekoppeld is aan een capacitieve ingangsimpedantie. Het gedrag komt in veel aspecten
overheen met het geïdealiseerde model van een SQUID met een lange geïntegreerde spoel.
Ook hier is de SQUID inductie effectief verlaagd bij de Josephsonfrequentie. Deze configu-
ratie laat eveneens hysteretische karakteristieken zien. Een deel van de gepubliceerde studies
over de prestaties van deze configuratie voorspelt additionele eigenschappen aangaande de
invloed van back-action-ruis door de effectieve afscherming van het SQUID inductie bij
de meetfrequentie. Deze effecten zijn discutabel en zijn daarom niet meegenomen in de
analyse die gepresenteerd is in hoofdstuk 2. Voor drie voorbeeld SQUIDs zijn de span-
ningsruis spectra bepaald in het werkpunt van de minimaal haalbare ruistemperatuur. De
spectra zijn vergeleken met de theoretische uitdrukkingen van hoofdstuk 2 en laten een goede
overeenkomst zien. We concluderen dat de aannames van hoofdstuk 2 toepasbaar zijn.

In hoofdstuk 4 onderzoeken we het hot-elektron effect en de onderdrukking daarvan. Dit
effect stelt een praktische limiet aan het koelgedrag van SQUID sensoren en daardoor aan hun
minimaal haalbare gevoeligheid. Hier wordt de koppeling tussen de elektronen en het phonon
systeem van een resistief materiaal verzwakt. Door het gedissiperde vermogen in het SQUID
leidt dit tot een verhoogde temperatuur van het elektron systeem in de shunt-weerstanden
van de Josephson juncties en daardoor tot een verhoging van de thermische ruis.

In het eerste deel van hoofdstuk 4 geven we een overzicht van de bestaande theorieën van
het hot-elektron effect en andere aspecten die van invloed zijn op de effectieve thermische
weerstand tussen het elektron systeem van een dunne-filmweerstand en het bad waarin het
zich bevindt. Verder beschouwen we het gedrag van koelvinnen die bevestigd zijn aan de
dissiperende weerstand. Warmte wordt naar deze koelreservoirs getransporteerd via elektro-
nische warmtegeleiding en daardoor wordt het effectieve koelvolume vergroot. Dit wordt
gedemonstreerd aan de hand van een numerieke berekening in een eindige eendimensionale
koelvin.

In het tweede deel van hoofdstuk 4 presenteren we opwarmingsexperimenten aan dunne-
filmweerstanden gemaakt van PdAu. Hierin wordt vermogen gedissipeerd en de elektron-
temperatuur wordt bepaald door ruisthermometrie. De ruis werd gemeten met een SQUID
versterker. We laten de experimentele resultaten zien van een dunne-filmweerstand zonder
koelvin uitbreiding. We vonden een relatie van P∝ TE

5. Hier is P het gedissipeerde vermo-
gen en TE de temperatuur van de electronen in de dunne-filmweerstand. Een gedetailleerde
analyse van de gemeten data leidt tot de conclusie dat we direct de energie overdracht tussen
de elektronen en het phonon systeem gemeten hebben. Omdat het onderzochte metaal zich
zeker in de dirty limit bevindt is de geobserveerde exponent 5 in tegenspraak met de theorie.
Deze discrepantie is niet ongebruikelijk, er zijn een aantal experimenten die de bestaande
theorieën tegenspreken. Een vergelijking van gepubliceerde resultaten over weerstanden van
dezelfde legering maar met een andere dikte suggereert dat de elektron-phonon koppeling
beïnvloed zou kunnen worden door het aantal dimensies van de phonon populatie in de
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shunt-weerstand.
Verder hebben we numeriek en experimenteel de configuraties van de weerstanden ver-

bonden met koelvinnen bestudeerd. De gemeten data wordt goed benaderd door de numerieke
berekeningen van de thermische warmtegeleiding in de geometrie. Deze berekeningen van
het elektro-thermische transport blijkt een bruikbaar gereedschap te zijn voor het thermisch
ontwerp van supergeleidende elektronica. We bespreken enkele algemene maatregelen om
de invloed van het hot-elektron effect door passieve koeling te verminderen.

In hoofdstuk 5 presenteren we het ontwerp, de modelvorming en de karakterisatie van
ontwikkelde SQUIDs voor de gravitatie golf antenne MiniGRAIL. De belangrijkste vereisten
worden gegeven door de grote ingangsimpedantie LIN ≈ 1.5 µH met een minimale additionele
gekoppelde energie resolutie εVV /k2 bij de gewenste werktemperatuur van 20 mK. Onze
ontwerpen zijn gefabriceerd in het lage-Tc SQUID proces van de foundry op de IPHT Jena.
Veel aspecten gerelateerd aan het ontwerp en de werking van deze sensoren overlappen met
de onderwerpen die gepresenteerd zijn in de voorgaande hoofdstukken.

Vanwege de vereiste hoge koppelefficiëntie k2 moet de inkoppelspoel geïntegreerd
worden in het SQUID ontwerp. Samen met de vereiste hoge ingangsinductie leidt dit tot
een SQUID met een lange geïntegreerde spoel zoals behandeld in hoofdstuk 3. Tijdens de
karakterisatie van de door ons ontwikkelde SQUIDs konden we duidelijk de hysteretische
werkgebieden identificeren. Dit is naar ons idee het eerste direkte experimentele bewijs
voor dit effect. Zoals besproken in hoofdstuk 3 is dit belangrijk voor zowel het ontwerp
als het utilisatie van dergelijke sensoren. De hysterese is doorgaans niet direct zichtbaar
bij een badtemperatuur van 4 K. Desalniettemin is de gevoeligheid ook verslechterd in die
gevallen. Hiermee moet rekening gehouden worden voor zowel het ontwerp als de utilisatie
van dergelijke sensoren. De optimale werkspanning is vaak veel groter in vergelijking met
standaard SQUIDs. Het hysteretische werkgebied wordt typisch zichtbaar als een steile flux
versus spanningskarakteristiek welke een gebruiker zou kunnen misleiden om het SQUID
in deze gebieden van de karakteristiek in te stellen. Metingen van de gevoeligheid van alle
gepresenteerde SQUID sensoren vertonen een nadelig effect veroorzaakt door hysterese. De
prestatie binnen het hysteretische regime zou deels verbeterd kunnen worden door een serieel
weerstand-capaciteit demp element verbonden aan de ingangsspoel. Desalniettemin lieten
dergelijke werkpunten niet-thermische ruis zien die door koeling niet verbeterd kon worden.

Om numeriek de prestatie van de door ons ontwikkelde SQUIDs in meer detail te kunnen
bestuderen hebben we voor de werking belangrijke eigenschappen afgeleid van de layout.
Deze eigenschappen werden enerzijds verkregen door numerieke inductieberekeningen van
versimpelde teststructuren en anderzijds door berekeningen van de radiofrequentieimpedantie
van de washer structuur met geïntegreerde spoel. Versimpelde modellen van de SQUIDs wer-
den gesimuleerd en vergeleken met de karakteristieken van alle andere door ons ontwikkelde
sensoren. In het algemeen was de overeenkomst goed. We denken dat veel degraderen-
de effecten geïdentificeerd zouden kunnen worden. Dit omvat de al genoemde hysterese
alsmede verschillende onvermijdbare en vermijdbare resonanties binnen de layout van de
SQUIDs. Ook de numeriek bepaalde gevoeligheid van een van onze sensoren liet een goede
overeenkomst zien met de metingen. Naar ons idee is dit nog nooit zo nauwkeurig bereikt
voor SQUIDs met een geïntegreerde spoel. Daarom concluderen wij dat in het algemeen
de prestatie van dit type SQUIDs beter controleerbaar en voorspelbaar is dan veelal wordt
aangenomen.
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We hebben ons in het bijzonder geconcentreerd op een layout van een SQUID met een
parallelle washer configuratie. Hier is de parasitaire koppeling tussen de terugkoppelspoelen
en de signaalspoelen geminimaliseerd. Dit helpt de stabiliteit van het uitleessysteem met de
capacitieve transducer van MiniGRAIL te verbeteren. Voor de eerst ontwikkelde sensor is
een minimaal gekoppelde energie resolutie van 170 h̄ gemeten voor badtemperaturen beneden
0.2 K. Dit werd grotendeels bepaald door het hot-elektron effect dat leidt tot een effectieve
minimaal haalbare temperatuur van ≈ 0.4 K. De numerieke karakterisatie van gedetailleerde
modellen werd verwerkt in het ontwerpproces van de tweede sensor. De gemeten genormali-
seerde gekoppelde energie resolutie εVV /(k2 T ) is 170 h̄/K bij badtemperaturen boven 1 K.
Dit is ongeveer een factor 2 hoger dan de gesimuleerde ontwerpwaarde. De belangrijkste
reden voor deze discrepantie zijn de verhoogde waarde van βL en I0 R van het gefabriceerde
device. Desalniettemin is de gekoppelde energie resolutie verbeterd met ongeveer 60%
ten opzichte de waarde verkregen bij het eerste ontwerp bij hogere badtemperaturen. In
de nieuw ontworpen sensor hebben we grotere shunt-weerstanden gebruikt. De metingen
suggereren dat de toename van ongeveer een orde van grootte van het volume geen negatieve
effecten introduceert. We verwachten daarom een verbetering van de minimaal haalbare
elektrontemperatuur tot ongeveer 0.3 K.
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